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Abstract 

We study modules over the ring C of complex generalized numbers 
from a topological point of view, introducing the notions of C-linear topol- 
ogy and locally convex C-linear topology. In this context particular atten- 
tion is given to completeness, continuity of C-linear maps and elements of 
duality theory for topological C-modules. As main examples we consider 
various Colombeau algebras of generalized functions. 
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Introduction 

Colombeau algebras of generalized functions have proved to be an analytically 
powerful tool in dealing with linear and nonlinear PDEs with highly singular 
coefficients [1, 2, 3, 8, 9, 10, 18, 21, 23, 24, 29, 30, 32, 33, 34, 36, 37, 41]. In the 
recent research on the subject a variety of algebras of generalized functions [3, 
12, 13, 17, 19, 22] have been introduced in addition to the original construction 
by Colombeau [6, 7] and investigated in its algebraic and structural aspects as 
well as in analytic and applicative aspects. These investigations have produced a 
theory of point values in the Colombeau algebra G{^) and results of invertibility 
and positivity in the ring of constant generalized functions C [19, 38, 39] but also 
microlocal analysis in Colombeau algebras and regularity theory for generalized 
solutions to partial and (pscudo-) differential equations [11, 13, 15, 16, 20, 21, 
22, 23, 24, 25, 26, 27]. Apart from some early and inspiring work by Biagioni, 
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Pilipovic, Scarpalezos [1, 32, 46, 47, 48], topological questions have played a 

marginal role in the existing Colombeau literature. However, the recent papers 
on pseudodifferential operators acting on algebras of generalized functions [13, 
15, 16] and a preliminary kernel theory introduced in [15] motivate a renewed 
interest in topological issues, such as C-linear topologies on Colombeau algebras, 
C-linear continuous maps and duality theory. 

This is the first of two papers devoted to a detailed topological investigation into 
algebras of generalized functions and succeeds to add a collection of original re- 
sults to what is already known in the field. It develops a theory of topological 
C-modules and locally convex topological C-modules, which requires the in- 
troduction of C-versions of various concepts relating to topological and locally 
convex vector spaces. As a topic of particular interest, the foundations of du- 
ality jheory are provided within this framework, dealing with the C-module 
L{Q,C) of all C-linear and continuous functionals on Q. The second paper on 
topological structures in Colombeau algebras [14] will be focused on applica- 
tions. Due to the fact that many algebras of generalized functions can be easily 
viewed as locally convex topological C-modules, we will be able to apply all the 
previous theoretical concepts and results to the topological dual of a Colombeau 
algebra. This procedure together with the discussion of some relevant examples 
and continuous embeddings is a novelty in Colombeau theory. 

We now describe the contents of the sections in more detail. 

Section 1 serves to collect the basic topological notions which we will refer to 

in the course of the paper. Starting from the new notions of C- absorbent, bal- 
anced and convex subsets of a C-module Q, C-linear and locally convex C-linear 
topologies are introduced and described via their neighborhoods in Subsections 
1.1 and 1.2 respectively. A characterization of locally convex topological C- 
modules is given, inspired by the analogous statements involving seminorms 
and locally convex vector spaces, making use of the concept of ultra-pseudo- 
scminorm. This turns out to be a useful technical tool in providing the clas- 
sically expected^ results on separatedness and boundedness. In particular, the 
continuity of a C-linear map is expressed in terms of a uniform estimate between 
ultra-pseudo-seminorms. Inductive limits and strict inductive limits of locally 
convex topological C-modules are studied in Subsection 1.3. Finally Subsection 
1.4 is concerned with completeness in topological C-modules. We pay partic- 
ular attention to the relationships between completeness, strict inductive limit 
topology and initial topology in case of locally convex topological C-modules. 

The theoretical core of the paper is Section 2 where we set the stage for the 
duality theory of topological C-modules. Using concepts as pairings of C- 
modules and polar sets we equip the dual L{Q,iC) with at least three locally 
convex C-linear topologies: the weak topology a(L{Q,C),G), the strong topol- 
ogy P{L{G,C),Q) and the topology Pb{L{G,C),Q) of uniform convergence on 
bounded subsets of Q. A theorem of completeness of the dual L{Q,C) with 
respect to the strong topology as well as a C-linear formulation of the Banach- 
Steinhaus theorem are obtained under suitable hypotheses on Q. 

Section 3 investigates the properties of some interesting examples of locally 
convex topological C-modules and their topological duals. Inspired by [47] Sub- 
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section 3.1 deals with the C-modules Qe oi generalized functions based on the 

locally convex topological vector space E, showing how a separated locally con- 
vex C-linear topology may be defined, in terms of ultra-pseudo-seminorms, on 
Ge by meai^ of the seminorms which topologize E. Well-known Colombeau 
algebras as C, G{^) [19] and S^(R") [13, 15] arc recognized to be special cases. 
More sophisticated topological tools, as strict inductive limit topologies and ini- 
tial topologies, are needed for the Colombeau algebra of compactly supported 
generalized functions Qd^) [19] and the Colombeau algebra of tempered gener- 
alized functions Qt[R") [19]. Finally, ultra-pseudo seminorms and norms fitted 
to measure the regularity of generalized functions are introduced, providing a 
topology for the Colombeau algebras g°°{n), ^^(M") [13, 15]. The 

continuity of C-linear maps of the form T : Qe ^ G '^s the topic of ^ubsection 
3.2, while Subsection 3.3 is devoted to the topological dual L(C/£;,C) when E 
is a normed space. In this particular case, an ultra^seudo-norm modelled on 
the classical dual norm || • is defined on L{Qe,C) and a generalization of 
the Hahn-Banach theorem is given. This result combined with a further adap- 
tation of the Banach-Steinhaus theorem to the context of ultra-pseudo-normed 
C-modules allows to compare different C-linear topologies on L{gE,C). 

1 Topological C-modules 

This section provides the required foundations of topology for C-modules. We 
begin with a collection of basic notions and definitions. 

Let C be the ring of complex generalized numbers obtained factorizing 

£m {{u,), e C(°'^l :3NgN \ue\ = 0{e-^) as £ ^ 0} 
with respect to the ideal 

J\f := {(u^)^ g C(°'il : Vg e N \u^\ = 0(e«) as £ ^ 0} 

(c.f. [7, 19]). C is trivially a module over itself and it can be endowed with a 
structure of a topological ring. In order to explain this assertion, inspired by 
nonstandard analysis [40, 50] and the previous work in this field [1, 32, 46, 47, 
48], we introduce the function 

(1.1) V : Sm — * (—00, -f oo] : (ue )e sup{& e M : \ue\= 0(e'') as £ ^ 0} 
on £m- It satisfies the following conditions: 

(i) v{{us)e) = +00 if and only if (Me)^ G AT, 

(ii) Y{{u,Uv,)e) > y{{u,),)+v{{v,),), 

(iii) v((Ws)e + (Ve)^) >m.m{v{{Us)e),y{{Ve)e)}, 

where {ii) and {Hi) become equality if at least one or both terms are of the form 
{cs'')s, c e C, 6 G M, respectively. Note that if {u^ — u'^)e G Af, {i) combined 
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with (in) yields v{{us)e) = ^{{u's)s)- This means that we can use (1.1) to define 
the valuation 

(1.2) vc(u):=v((ne)e) 

of the complex generalized number u = [{u^)g], and that all the previous prop- 
erties hold for the elements of C. Let now 

(1.3) I • le := C [0, +oo):u^ \uU := e-^eW. 

The properties of the valuation on C makes the coarsest topology on C such that 
the map | • |e is continuous compatible with the ring structure. It is common 
in the already existing literature [32, 46, 47, 48] to use the adjective "sharp" 
for such a topology. In this paper C will always be endowed with its "sharp 
topology" . Our investigation of the topological aspects of a C-module is mainly 
modeled on the classical approach to topological vector spaces and locally convex 
spaces suggested by many books on fimctional analysis [28, 42]. In particular 
it requires the adaptation of the algebraic notions of absorbent, balanced and 
convex subsets of a vector space, to the new context of C-modules. 

Definition 1.1. A subset A of a C-module Q is C-absorbent if for all u £ Q 

there exists a 6 R such that u G [(ff'')^]^ for all b < a. 

A C Q is C-balanced if XA C A for all X G C with |A|e < 1. 

Acg is C-convex if A + AC A and [is^)e]A C A for all b>0. 

Note that if ^ contains then it is C-convex if and only if [{e''^)s]A+[{e''^)s]A C 
A for all 61,62 >_0. A subset A which is both C^balanced and C-convex is 
called absolutely C-convex. In the case when A is C-balanced the convexity is 
equivalent to the following statement: for all A,/U € C with max{|A|e, |/x|e} < 1, 
XA + IJ.A C A. The C-convexity cannot be considered as a generalization of the 
corresponding concept in vector spaces. In fact the only subset A of C which is 
C-convex is the trivial set {0}. 

Remeirk 1.2. The definition of a C-balanced subset of Q is inspired by the 
classical one concerning vector spaces and consists in replacing the absolute 
value in C with | ■ |e in C. We may construct an analogy between a vector space 
V and a C-module Q by associating the sum in V with the sum in Q and the 
product au, a > 0, u € V, with [(e~^°8°)g]u where u G Q. In this way the 
concept of absorbent subset of V is translated into the concept of C-absorbent 
subset of g and a convex cone (at 0) in V corresponds to a C-convex subset of 

g. 

In the sequel, we shall simply talk about absorbent, balanced or convex subset, 
omitting the prefix C, when we deal with C-modules. The reader should be 
aware that the words refer to Definition 1.1 and not to the classical notions in 
this context. 

1.1 Elementary properties of C-linear topologies 

We recall that a topology r on a C-module g is said to be C-linear if the 
addition g x g ^ g : {u,v) u + v and the product C x g ^ g : {X,u) ^ 
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Xu are continuous. A topological C-module ^ is a C-module with a C-linear 

topology. As an immediate consequence we have that for any uq G G and for 
any invertible A G C the translation Q ^ Q : u ^ u + uq and the mapping 
Q ^ Q : u ^ Xu are homeomorphisms of Q into itself. This means that if W is a 
base of neighborhoods of the origin that U + uo is a base of neighborhoods of uq 
and if [/ is a neighborhood of the origin so is XU for all invertible A G C. It is also 
clear that a C-linear map T between topological C-modules is continuous if and 
only if it is continuous at the origin and then the set LiQ^Ti.) of all continuous 
C-linear maps between the topological C-mod\iles G and 7-^ is a module on C. 

Proposition 1.3. Let Q be a topological C-module and U be a base of neigh- 
borhoods of the origin. Then for each U €U, 

(i) U is absorbent, 

(ii) there exists V € U with V -\- V ^ U , 

(Hi) there exists a balanced neighborhood of the origin W such that W CU. 

Proof. Fix u G Q. The continuity of the product between elements of C and 
elements of^ guarantees for any U €U the existence of ?7 > such that Xu & U 
for all A G C with |A|e < rj. Hence u G [{e'')s]U provided b < log 77. This shows 
that U is absorbent. 

The addition in G is continuous. Therefore, given U &U there exist Vi, V2 &U 
such that Vi + V2 C [/ and a neighborhood V gU contained in Vi n V2 which 

proves assertion (ii). 

Finally, since the product is continuous at (0,0), there exist r] > and V 
such that AV C U for |A|c < rj. Let W = U|a|^<^AV'. By construction W is 
contained in U and is a neighborhood of the origin since [{e~^°^^)£]V C W. 
Recalling that |A/x|e < |A|e|/Lx|e for all complex generalized numbers X, fi, we 
conclude that is a balanced subset of ^. □ 

It follows from Proposition 1.3 that any topological C-module has a base of 
absorbent and balanced neighborhoods of the origin. As in the classical theory of 
topological vector spaces this fact ensures a useful characterization of separated 
topological C-modules. Further, ii Q is a topological C-module and U a base of 
neighborhoods of the origin we have that G is separated if and only if Hueu U = 
{0}. 

Remeirk 1.4. A particular example of a topological C-module is the quotient set 

G/M, where M is a C-submodule of the topological C-module G, endowed with 
the quotient topology. In analojy with the theory of topological vector spaces, 
by the definition of a quotient C-module G/M and the previous considerations 
on separated modules we obtain that G/M is separated if and only if M is closed 
in G- 

Finally, having introduced a notion of absorbent set we can state the natural 
definition of a bounded subset of a topological C-module. 

Definition 1.5. We say that a subset A of a topological C-module G is bounded 
if it is absorbed by every neighborhood of the origin i. e. for all neighborhoods U 
of the origin in G there exists a G M such that A C [(£'')£]j7 for all b < a. 
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A simple application of the definitions shows that any continuous C-linear map 

T : Q ^Ti between topological C-modulcs is hounded, in the sense that it maps 
bounded subsets of Q into bounded subsets of H. 

1.2 Locally convex topological C- modules: ultra- pseudo- 
seminorms and continuity 

Definition 1.6. A locally convex topological C-module is a topological C-module 
which has a base of C- convex neighborhoods of the origin. 

Proposition 1.3 shows that there exist bases of convex neighborhoods of the 
origin with additional properties. 

Proposition 1.7. Every locally convex topological C-module Q has a base of 
absolutely convex and absorbent neighborhoods of the origin. 

Proof. Let U he a base of convex neighborhoods of in Q. By Proposition 1.3, 
for all J7 €:U there exists a a balanced neighborhood of the origin W contained in 
U . Take the convex hull W of W i.e. the set of all finite C-linear combinations 
of the form [{e''^)e]wi + [{e^^)e\w2 + ... + [{e'''^)e\wn where &i > and Wi G W. 
By construction W is an absolutely convex and absorbent neighborhood of 
and since U is itself convex we have that W C {/. □ 

We now want to deduce some more information on the topology of Q from the 
nature of the neighborhoods. We begin with some preliminary definitions and 

results. 

Definition 1.8. Let Q be a C-module. A valuation on G is a function v : G 
(— oo, +00] such that 

(i) v(0) = +00, 

(ii) v(Au) > vg(A) + v(u) for all X gC, u G G, 

(li) ' v(Am) = V£(A) + v(m) for all A = [{cs°')e], c G C, a gR, u € G, 
(Hi) y{u-\-v) > min{v(M), v(i')}. 

An ultra-pseudo-seminorm on G is a function V : G ^ [0, +00) such that 

(i) V{0) = 0, 

(ii) V{\u) < |A|eP(u) for allXGC, uG G, 

(ii)' V{Xu) = |A|eP(w) for all A = [(ce")^], cgC, a G'M., u gG, 
(Hi) V{u + v) < max.{V{u),V{v)). 
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The term valuation has here a sHghtly different meaning compared to the well- 
known concept introduced in nonstandard analysis and is deeply connected with 
the properties of 5 as a C-module. The reader should refer to [31, 40, 43, 44, 50] 
for the original nonstardard approach and some related apphcations. 

■p(u) = e~^^"^ is a typical example of an ultra-pseudo-seminorm obtained by 
means of a valuation on Q. An ultra-pseudo-norm is an ultra-pscudo-scminorm 
V such that V{u) = implies u = 0. | • |e introduced in (1.3) is an ultra- 
pseudo-norm on C. We now present an interesting example of a valuation on a 
C-module Q. 

Proposition 1.9. Let A be an absolutely convex and absorbent subset of a 
C-module Q. Then 

(1.4) wa{u) := sup{6 e M : u e [{sWA} 

is a valuation on Q. Moreover, for 'Pa('m) := e""^^^"^ and rj > the chain of 
inclusions 

(1.5) {u€g: Va{u) < r?} C [(e-i^gW)^]^ C {« e ^ : Va{u) < r?} 
holds. 

We usually call Va the gauge of A. 

Proof. For each u e Q the set of real numbers b such that u € [(e**)]^ is not 
empty. Hence ^a{u) is clearly a function from Q into (— cx3,+cx)]. Since A is 
balanced, belongs to A and to every [(e'')e]A. Thus va(0) = -\-qo. Assume 
that u e [(£*")] ^ for some 6 G IR and write 

Xu = [(£''+-e(^)),] A [{s-%]u, 

where A e C \ 0. From |A [(e-^c(^))^]|g = |A|ee^c(^) = 1 and the fact that A is 
a balanced subset of Q, we obtain that va(Au) > v^(A) + va{u). In particular 
if A is of the form [(ce'')^], c e C \ 0, a e M and Au G [{e'')e]A, then 

(1-6) u = [{s%] [{s-%] [{ce<^)e]u = [{e-'^+'')e]u' . 

Since u' = [(e-'')e][(e")£]w e A, (1.6) leads to va(u) > -y^{X) + va{Xu) and 
shows (ii)' in the definition a valuation. 

Consider u,v G Q. We know that there exist bi, 62 G K such that u G [(e''i)e]^ 
and V € [(e''^)£]A. The sum w + w is an element of [(e''^]^ + [(e''^)e]A and we 
have that M + i" G [{e^'-)s]{A-\-[{e^^-^'-)s]A). Let us assume 62 - J^i > and recall 
that A is convex. Hence u-\-vG [{s''^)g]A and va(w + v)> min{vA(w), va(v)}. 

Finally, in order to prove (1.5) it is sufficient to observe that Va{u) < r] im- 
plies va(w) > -log(r?) and u G [(ff-^°s(''))^]A while u G [(e-'°s(''))e]^ implies 
va{u) > -log{?]). □ 

Theorem 1.10. 
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(i) Let {'Pi}iei be a family of ultra-pseudo-seminorms on a C-module Q. The 

topology induced by {Pi} on Q, i.e. the coarsest topology such that each ultra- 
pseudo-seminorm is continuous, induces the structure of locally convex topolog- 
ical C-module on Q. 

(a) In a locally convex topological C-module Q the original topology is induced by 
the family of ultra-pseudo-seminorms {Vu^ueu, where U is a base of absolutely 
convex and absorbent neighborhoods of the origin. 



Proof. 

(i) Prom the properties {ii) and (Hi) which characterize an ultra-pseudo-semi- 
norm it is clear that the coarsest topology such that the ultra-pseudo-seminorms 
{'Pi}iGi are continuous is C-linear on Q. A base of neighborhoods of the origin 
is given by all the finite intersections of sets of the form {u G Q : Vi{u) < r]i} 
for rji > 0. Each [u € Q : Vi{u) < Vji] is convex. In fact if Vi{ui) < r]i and 
'Pi{u2) < Vi foi' all 61, &2 > we have that 

'Pi{[{e'i)e]ui + [{e''')e]u2) < max{Vi{[{^''')e]ui),VMe''%]u2)} 

= max{e-^'ri{ui),e-^'ri{u2)} < Vi- 

Since a finite intersection of convex sets is still convex, ^ is a locally convex 
topological C-module. 

(ii) Combining Proposition 1.9 with the previous considerations the topology 
induced by the family of ultra-pseudo-seminorms {Vujueu is a locally convex 
C-linear topology on Q. (1.5) relates the neighborhoods of the origin in this 
topology with the corresponding neighborhoods in the original topology on Q 
and shows that the two topologies coincide. 

□ 



Theorem 1.10 and the considerations after Proposition 1.3 lead to the following 
characterization of separated locally convex topological C-modulcs. 

Proposition 1.11. Let Q be a locally convex topological C-module and {T'ijie/ 
a family of continuous ultra-pseudo-seminorms which induces the topology of Q . 
Q is separated if and only if for all u^O there exists i G I with Vi{u) > 0. 

Example 1.12. If ^ is a locally convex topological C-module and M is a 

C-submodule of Q then Q/M equipped with the quotient topology is locally 
convex itself. Note that if Q is an ultra-pseudo-seminorm on Q then, denoting 
the canonical projection of Q on Q/M by tt, 

Q(M) := inf Q{v) 

is a well-defined ultra-pseudo-seminorm on Q/M. Indeed, Q([0]) = and ob- 
serving that for all invertible A in C, u € tt"^ ([Au]) if and only if \~^v e 7r~^ ([u]) 
we obtain the estimate 

Q(AM) = inf Q{v) < I Ale inf Q{v) = |A|eQ(M) 

t)e7r-i([A«]) t)e7r-i([«]) 
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which becomes an equahty when A is of the form [(ce*)e] € C. Finally, consider 

the sum [ui] + [112]. If Q([ui]) < Q([u2]) then for all V2 £ ^""^([^2]) there exists 
Vi S 7r~-'^([ui]) such that Q{vi) < 2(^2) and this fact yields 

Q(M + H)< inf niax{Q(t;i), Q(^;2)} < inf = Q(M). 

i'ie7r"^([tii]) i'2e-7r-H["2]) 

If = Q([u2]) then for all V2 G 7r~-^([u2]) and for all 5 > there exists 

vi £ 7r~^([ui]) such that Q{vi) < Q{v2) + S. It follows that 

Q([wi] + H)< inf ma^{Q{vi),Q{v2)} < inf Q{v2) + 5 

V2ev~^{lu2]) 

and therefore Q([ui] + [^2]) < Q([w2])- 

The quotient topology r on ^ /M is determined by the ultra-pseudo-seminorms 
{Q}q, where Q is an ultra-pseudo-seminorm continuous on Q. 

The ultra-pseudo-seminorrns provide a useful tool for checking if a subset of a 
locally convex topological C-module is boimded. In the sequel let (Q, {Vi}iei) 
be a locally convex topological C-module whose topology is determined by the 
family of ultra-pseudo-seminorms {Vi}i^i. 

Proposition 1.13. Let {G,{T^i}iei) a locally convex topological C-module. 
A C Q is bounded if and only if for all i G I there exists a constant Cj > such 
that Vi{u) < Ci for all u € A. 

Proof. If A C ^ is bounded then for some S K it is contained in the set 

[{e°'%]{u e g : V^{u) < 1}. This means that Pj([(e-"')e]ii) < 1 for all u e 
A and the property (ii)' which characterizes an ultra-pseudo-seminorm yields 
|[(e~°*)£]|e'Pi(M) < 1. Thus Viiu) < e~°* for every u in A. Conversely, take a 
typical neighborhood of the origin of the form U = riii=i„{u G G '■ Vi{u) < r]i] 
where /q is a finite subset of /. Again by the definition of an ultra-pseudo- 
seminorm and by 'Pi{u) < Ci on A we have that [(e~'')£]^ C U for all b < 
log(minie7o m) - log(maxi£/o d). □ 

As in the classical theory of locally convex topological vector spaces an inspec- 
tion of the neighborhoods of the origin gives some informations about "metriz- 

ability" and "normability" . 

Theorem 1.14. Let Q be a separated locally convex topological C-module with 
a countable base of neighborhoods of the origin. Then its topology is induced by 
a metric d invariant under translation. 

Proof. Let (?7„)„gN be a countable base of neighborhoods of the origin in Q. 
By Proposition 1.7 we may assume that each {/„ is absorbent and absolutely 
convex. We define 

00 

/(w) = ^2-"min{P[;„(u),l}, 

n=0 
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where Vur, is the gauge of J7„. By Proposition 1.11 f{u) = implies m = 0, 

and by construction wc have that f{u) = f{—u), f{u + v) < f(u) + f{v) for 
aU u,v G G. At this point, as in the proof of Theorem 4 in [42, Chapter I] we 
obtain that d{u,v) := f{u — v) is a, distance invariant under translation which 
induces the original topology on ^. □ 

The topology determined on a C-module G by an ultra-pseudo-norm "P is a 

separated and locally convex C-linear topology such that every set {u E G ■ 
V{u) < ij} is bounded. This property characterizes the ultra-pseudo-normed 
C-modules. 

Theorem 1.15. If G is a separated locally convex topological C-module and it 
has a bounded neighborhood of the origin, then the topology on G is induced by 
an ultra-pseudo-norm. 

Proof. Let V be an absorbent and absolutely convex neighborhood of the origin 

contained in a bounded neighborhood of the origin. Then V is bounded, that 
is, for all neighborhoods U of the origin in G there exists a G M such that 
V C [{e^)e]U for b<a. This means that [{e-^)e]V C U and that {[{e'^)e]V}dem 
is a base of the neighborhoods of the origin in G- Therefore, the gauge Vv 
determines the topology on G which is separated. By Proposition 1.11, Vv is 
an ultra-pseudo-norm. □ 

We conclude this subsection with some continuity issues. 

Theorem 1.16. Let (0,{'Pi}ig/) be a locally convex topological C-module. An 
ultra-pseudo-seminorm Q on G is continuous if and only if it is continuous at 
the origin if and only if there exists a finite subset /q C 7 and a constant C > 
such that for all u €G 

(1.7) Q{u) <CmaxVi{u). 

ieio 

Proof. Assume that Q is continuous at the origin and take uq € G, uq 0. For 
all ^ > there exists a finite subset Iq ^ I and ?7 > such that Q{u) < 5 
if maxi£/„ Vi{u) < rj. Hence for all u G G such that maxig/,, 'Pi{u — uq) < rj 
we have that Q{u — uq) < 5 and by definition of an ultra-pseudo-seminorm 
\Q{u) — Q{uo)\ < Q{u — uo). This shows that Q is continuous at wq e G- 
It is clear that if Q satisfies (1.7) then it is continuous at the origin and conse- 
quently continuous on G- Conversely if Q is continuous at the origin as before 
there exists a finite subset Iq Q I and 77 > such that maxjg/Q Vi{u) < r] implies 
Q{u) < 1. We begin by observing that Q{u) = when maxjg/^ 'Pi{u) = 0. In 
fact if Vi{u) = for all i & Iq then 

= \[{e%]\emaxViiu) = maxVi{[{e%]u) 

and Q{[ie'')e]u) = \[ie'')e]\eQiu) = e-''Qiu) < 1 for all b G R. So when the 
ultra-pseudo-seminorm maxjgj;, 'Pi{u) is not zero we can write 

(1.8) Q{v[{snS = e-''Q{v), 
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where a = \og{r]/maxi^igVi{u)), v = u[{e~'^)s] and by construction 'Pi{v) = 
c"'Vi{u) < T] for all i £ Iq. Combined with the continuity of Q at the origin, 

(1.8) leads to (1.7) and completes the proof. □ 

Note that the composition of a C-linear map T : Q Ti. between C-modules 
with an ultra-pseudo-seminorm on H gives an ultra- pseudo^seminorm on G- 
Therefore, the following result concerning the continuity of C-linear maps be- 
tween locally convex topological C-modules is a simple corollary of Theorem 
1.16. 

Corollary 1.17. Let (Q, {"Pijie/) and (7i, {Qj}jej) locally convex topological 
C-modules. A C-linear map T : Q ^ Ti. is continuous if and only if it is 
continuous at the origin if and only if for all j € J there exists a finite subset 
loQI and a constant C > such that for all u € Q 

(1.9) Qj{Tu) < CmaxPi(u). 

1.3 Inductive limits and strict inductive limits of locally 
convex topological C-modules 

In this subsectionjve consider a family of locally convex topological C-modules 
{G'y)'yer and the C- module of all the finite C-linear combinations of elements 
of U^^rQ-y, denoted by span(U-ygr&7)- ^^'^ locally convex C-lincar 

topologies T-y on can be pieced together to a locally convex C-linear topology 
r on span(U-ygrS7)- More generally we can start from a given C-module Q which 
is spanned by the images under some C-linear maps of the original ^^'s. 

Theorem 1.18. Let Q be a C-module, (C/^)^gr be a family of locally con- 
vex topological C-modules and i-y : Q-y ^ Q be a C-linear map so that Q = 
span(U-y£ri7(S7))- Let 

U := {U C Q absolutely convex : V7 e F, t~^{U) is a neighborhood of in Gj}- 

The topology t induced by the gauges {Pu}ueu is the finest C-linear topology 
with a base of absolutely convex neighborhoods of the origin such that each is 
continuous. 

With this topology G is called an inductive limit of the locally convex topological 
C-modules G-y- 

Proof. First we note that every U € U is absorbent. In fact, i^^{U) is an 
absorbent neighborhood of in G-y by Proposition 1.3 and then U absorbs every 
element of L-y{G'y). Now when we take ui € G-yi, U2 G G-y^^ '-71(^1) + ^72(^2) is 
absorbed by U since we may write 
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for some ai,a2 £ K and for all hi < oi, 62 < 02, where, as observed after 
Definition 1.1, [(e''i-"iin{fci,52})^]f/+ [(£&2-min{bi,b2})^](7 contained in U. This 
means that U is an absorbent subset of Q. By Proposition 1.9 and Theorem 
1.10 the topology t on Q induced by the ultra-pseudo-seminorms {Vu}ueu 
is a locally convex C-lincar topology i.e. a C-lincar topology with a base of 
absolutely convex neighborhoods of the origin. By definition of r it is clear that 
every : ^ (G^t) is continuous. Assume now that r' is another locally 
convex C-linear topology on Q which makes each continuous, r is finer than 
r' because if U' is an absolutely convex neighborhood of for r' then l~^{U) is 
a neighborhood of in for all 7 G F. □ 

Continuity of C-lincar maps between locally convex topological C-modules Q 
and Ti. can easily be described when Q has an inductive limit topology. 

Proposition 1.19. Let Q he the inductive limit of the locally convex topological 
C-modules (^^)^gr and H be a locally convex topological C-module. A C-linear 
map T : Q ^ H is continuous if and only if for each 7 e F the composition 
T o : —y H is continuous. 

Proof. The non-trivial assertion to prove is that T is continuous if every T o 
is continuous. By continuity at 0, for every neighborhood V of the origin in H, 
L~^{T~^{V)) is a neighborhood of in ^-y. Since we may choose V absolutely 
convex and the C- linearity of T guarantees that T~^{V) itself is absolutely 
convex in Q, the proof is complete. □ 

Definition 1.20. Let Q he a C-module and {Gn)neti be a sequence of C-suhmo- 
dules of Q such that Qn C ^„_|_i for all n G N and Q = UnenGn- Assume that 
Gn is equipped with a locally convex C-linear topology Tn such that the topology 
induced hy t„+i on Qn is Tn. 

Then Q endowed the inductive limit topology r is called the strict inductive limit 
of the sequence {Qn)nen of locally convex topological C-modules. 

Proposition 1.21.^Let Q be the strict inductive limit of the sequence of locally 
convex topological C-modules {Qn,Tn)neti- The topology t on Q induces the 
original topology Tn on each Gn- 

The proof of this proposition requires a technical lemma. 

Lemma 1.22. Let G be a locally convex topological C-module. Let M be a C- 

suhmodule of Q and V be a, convex neighborhood of the origin in M. Then there 
exists a convex neighborhood W of Q in Q such that W D M = V . 

Proof. By definition of the induced topology on M there exists a convex neigh- 
borhood (7 of in a such that UnM C V. Let W = U-\-V. W is the convex hull 
of C/uy since it can be written as {E"=i[(e''')e]wi) n eN, bi>0, m G UUV}, 
recalling the considerations after Definition 1.1. From U C W we have that W 
is a convex neighborhood of in ^ such that V CW H M. It remains to prove 
the opposite inclusion. First, w gW isof the form w = u-\-v fov some u gU and 
V gV. Therefore, if lo € M we have that u = w-v G UnM. Since UnM C V 
we conclude that u is an element of V. This leads to W n M CV. □ 
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Remark 1.23. Note that if U and V are both convex and balanced then U + V 
is the absolutely convex hull oi U UV i.e. the set of all finite sums AjUj 
where Ui G U DV, Xi €C and niaxj=i_..._„ |Ai|e < 1- 

Proof of Proposition 1.21. Denoting the topology induced by r on Qn by r/^, 
it is clear that t/^ is coarser than t„. It remains to prove that any absolutely 
convex neighborhood Vn of the origin in the topology t„ is obtained as the 
intersection of a neighborhood of in ^ with the C-module Qn- Lemma 1.22 
and Remark 1.23 allow us to construct a sequence {Vn+p)pe-H such that Vn+p is an 
absolutely convex neighborhood of the origin in Q^+p for Tn+pi \^n+p ^ ^n+p+i 
and Vn+p r\Gn = Vn for all p. In conclusion, V = Up^j^Vn+p is a neighborhood 
of the origin in G such that V H Gn = Vn- □ 

The following statements concerning separated C-modules and the closedness 
of Gn in G are immediate consequences of Proposition 1.21. We refer to [28, 
Chapter 2, Section 12, Cor. 1,2] for a proof. 

Corollary 1.24. Under the hypotheses of Proposition 1.21, G is separated if 
each Gn is separated. 

Corollary 1.25. Under the hypotheses of Proposition 1.21, if each Gn is closed 
in Gn+i for the topology t„+i then Gn is closed in G for r. 

We conclude the collection of results involving strict inductive limits of locally 
convex topological C-modules by characterizing bounded subsets. 

Theorem 1.26. Let {G,t) be the strict inductive limit of the sequence of locally 

convex topological C-modules {GmTn)neN- Assume in addition that each Gn is 
closed in Gn+i with respect to t„+i. Then AC G is bounded if and only if A is 
contained in some Gn o,nd bounded there. 

The proof of Theorem 1.26 requires some preliminary lemmas. 

Lemma 1.27. A set A in a, topological C-module G is bounded if and only if for 
all sequences (un)n of elements of A and all sequences (A„)„ in C converging to 
0, the sequence (A„u„)„ tends to in G. 

Proof. Let A be a bounded subset of G and ^ be a balanced neighborhood of 
the origin. Since A C [(e")g]y for some a e M we have that Vviu) < e"" on 
A. As shown in the proof of Proposition 1.9, the estimate Vyi^u) < \\\cPv{u) 
holds for all A S C and u G G- Therefore 'Py(A„u„) < |A„|e7^y(un) < lAnle©"" 
and A„ ^ in C yields 'Py(A„w„) < 1 for n larger than some N € N. As a 
consequence, A„u„ € V if n> N and A„m„ is convergent to in G- 
Suppose now that all the sequences (A„u„)„, where C A and A„ — > in 

C, tend to in G- Then A is necessarily bounded. In fact if A is not bounded 
there exists a balanced neighborhood of the origin U and a sequence 6„ ^ — oo 
such that AniGX [{e''")e]U) 7^^0. Choosing Un G A D {G \ [(e^")e]V), the 
sequence [(e~''")e] goes to in C but [{e~'''^)e]un is not convergent to in ^ 
since [{e~^")s]un ^ U for all n € N. This contradicts our hypothesis. □ 
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Lemma 1.28. Under the assumptions of Lemma 1.22, if M is closed then 
for every uq ^ M there exists a convex neighborhood Wq of in Q such that 
WoHM = V anduo^ Wq. 

Proof. If M is closed then by Remark 1.4 and Example 1.12 Q /M is a separated 
locally convex topological C-module. This implies that there exists a convex 
neighborhood Uq of in ^ such that [uq] ^ tt{Uo). Hence {uq + M) n [/q = 0. 
By Lemma 1.22 there exists a convex neighborhood of in 5 such that 
W f^M = V. Therefore taking W" fl l7o, we can state that there exists a convex 
neighborhood of in ^ such that (mq + M) f]U^ = % andU^f] M CV . The 
same reasoning as in Lemma 1.22 combined with (mq + M) n [/q = shows that 
Wo = Uq + V is & convex neighborhood of in 5 such that Wq f\M = V and 

Note that if we choose V and [/q absolutely convex then by Remark 1.23 we 
obtain that Wq is an absolutely convex neighborhood of the origin in Q. 

Proof of Theorem, 1.26. If A C is bounded for the topology Tn then the 
continuity of the embedding of {Qn, Tn) into [Q, r) guarantees that A is bounded 
in g. 

Suppose now that A is not contained in any C-module Qn and choose a sequence 
of elements w„ e Af^[Q\Qn). There exists a strictly increasing sequence {nk)k of 
natural numbers and a subsequence {vk)k of (wn)ra such that Vk G Quk+i \ Quk- 
By Lemma 1.28 we can construct an increasing sequence {Vk)k of absolutely 
convex sets such that Vk is a neighborhood of in 14+i fl Qn^ = Vk 

and [{e'^)e\vk ^ Vk+i. As in the proof of Proposition 1.21, V = UfegNVfc is a 
neighborhood of the origin in Q which does not contain [{£'^)^]vk for any fc 6 N. 
Then [(e*^)e] — > in C but the sequence {[{£'')e\'Vk)k is not convergent to in Q. 
By Lemma 1.27 it follows that A cannot be bounded in Q. 
Finally, by Proposition 1.21 it is clear that if A is contained in some Qn and 
bounded in Q it has to be bounded in Qn as well. □ 

Every sequence in Q which is tending to is an example of bounded set in 

Q. In fact for each absolutely convex neighborhood U of the origin, there exists 
N en such that m„ G C/ for all n>N, and noting that [{e^^)e\U C [is^^)e]U 
if bi > b2, there exists a G M such that Un € [(£'')e][/ for all n G N and b < a. 
At this point recalling Proposition 1.21 it is immediate to prove the following 
corollary of Theorem 1.26. 

Corollary 1.29. Under the assumptions of Theorem 1.26 a sequence (un)n is 
convergent to in Q if and only if it is contained in some Qn and convergent to 
there. 

1.4 Completeness 

In this subsection we adapt the theory of complete topological vector spaces [28] 
to the context of C-modules. We say that a subset ^ of a topological C-module 
is complete if every Cauchy filter on A converges to some point of A and that 
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a topological C-module Q is quasi- complete if every bounded closed subset is 
complete. 

Remark 1.30. A topological C-modulc Q is a uniform space [5, 49] and hence 

the following properties hold which will be used repeatedly later. 

Let A he a, subset of Q. Any filter on A convergent to some m G 5 is a Cauchy 
filter and if u € ^ adheres to a Cauchy filter O on A then O converges to u. 
Moreover a complete subset of a separated topological C-module is closed and 
ii A (~ Q \s complete every closed subset of A is complete itself. Finally in a 
metrizable topological C-module Q a subset A is complete if and only if every 
Cauchy sequence of points of A converges to some point of A. 

Note that even if Q is only quasi-complete, every Cauchy sequence (w„)„ C ^ is 
convergent. First of all since («„)„ is a Cauchy sequence the set U := n G 
N} is bounded in Q. We recall that for all neighborhoods V of in a topological 
C-module we can find a balanced neighborhood W oiQ such that W + W C V. 
This means that W C V and therefore the closure of a bounded subset of 
a topological C-module is still bounded. Then in our case U is closed and 
bounded in Q and by the quasi-completeness of Q the sequence C {/ is 

convergent. 

A locally convex topological C-mod\ile which is metrizable and complete is called 
a Frechet C-module. As a straightforward application of Remark 1.30 we show 
that C is complete. The proof of this result is essentially due to Scarpalezos [47, 
Proposition 2.1]. 

Proposition 1.31. C with the topology given by the ultra-pseudo-norm \ ■ \e is 
complete. 



Proof. By Remark 1.30 it is sufficient to prove that every Cauchy sequence 

in C is convergent. We know that for every r/ > there exists iV G N such that 
for all m,p > N, \um — Mp|e < V- Considering representatives and the valuation 
on C defined via v : £m (— oo,-|-cxd] in (1.1), we can extract a subsequence 
{unk)k such that viiun^^i^e ^ Unf,.e)e) > k for all fc G N. This means that we 
can find Sk \ 0, £fe < 1/2'^ such that |unfe+i,£ — '"nfe.el < e*^ on (0,£fe). Let 



hk,e — 



£G[efc,l]. 



{hk,e)e £ since Ihk^e] < c'^ on the interval (0,1]. Moreover the sum := 
Uno,e + Z^fcLo ^fe.e locally finite and by 

oo oo 

l^el < \Uno,e\ + ^ \hk,e\ < \Uno,e\ + X! ^ 
fe=0 fe=0 

it defines the representative of a complex generalized number u = [{ue)e]. The 
sequence Un^ tends to u in C. In fact, for all fc > 1 the estimate 

oo oo oo 

— — fc fc — fc 
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valid on the interval {0,£-^_-i}, yields v((u„^,£ — Ue)^) — > +00. Thus is a 

Cauchy sequence with a convergent subsequence and it converges to the same 
point u G C. □ 

It is possible to decide if a strict inductive limit of locally convex topological 
C-modules is complete by looking at the terms Gn of the sequence which defines 
it. 

Theorem 1.32. Let {G,t) be the strict inductive limit of the sequence of locally 
convex topological 'C-modules {Qn,Tn)neti where Qn is assumed to be closed in 
Gn+i for Tn+i ■ Then G is complete if and only if all the Gn o,re complete. 

Before proving this theorem we present a technical lemma which will turn out 
to be useful later on as well. 

Lemma 1.33. Let T be a Cauchy filter on the strict inductive limit {G,t) of 
Theorem 1.32 and O be the Cauchy filter whose base is formed by all the sets 
M + V where M runs through T and V through the filter of neighborhoods of 
the origin in G- Then there exists an integer n such that O induces a Cauchy 
filter on Gn- 

Proof If there exists n e N such that (M + V) H Gn + for all M e T 
and neighborhoods V of the origin in G then by Proposition 1.21 the lemma 
is proven. We assume therefore that this is not the case, i.e. that for all 
n € N there exist M„ G T and a neighborhood Vn of the origin in G such that 
[Mn + ^n) n t/n = 0- In addition we may assume that M„ — M„ C and that 
iyn)n is a decreasing sequence of absolutely convex neighborhoods. Consider 
the absolutely convex hull W of U„eN(Ki ^Gn)- Since every Vn is absolutely 
convex it coincides with the set of all finite sums of elements of U„gN(T4, H Gn) 
and by construction it is a neighborhood of the origin in G- We want to prove 
that no Q G has the property Q — Q Q W. For this purpose we take 

Wn ■= Vo n Go + Vi n Gi -\ h Vn-i n Gn-i + Vn which is the absolutely 

convex hull of (Uj<„_iVi Ci Gi) U V^. W„ is a neighborhood of the origin in G 
and W C Wn for all n. Since is a Cauchy filter there exists Pn G T such that 
Pn- Pn"^ Wn. This implies (P„ + Wn) n 5„ = 0. In fact for uq G -Pn n M„ we 
have that Pn C uq + Wn and as a consequence every element y of P„ has the 
form y = uo + Y1"=q ""i where G Vi n tj^ if i = 0, n — 1 and t)„ G Vn- At this 
point z G Pn + Wn may be written &s z = uq + Y^Zoi'^^i + v'^ + '^n + v'^ with 
Vj, t;- G n ^„ for i = 0, n — 1 and Vn,v'^ G Vn. Note that since Vn is convex 
Vn+v'^G Vn and that E^=o^(^'^ +vi)GGn- By (M„ + K) n g„ = it foUows 
that z ^ Gn- 

Finally suppose that there exists Q G !F such that Q — Q C W and that 
yo ^ Q- Then i/o G Gn for some n and Q H P„ = which contradicts the 
hypothesis that is a filter. Indeed by construction of P„ and W„ if y G P„ 
then yo — y G Wn'^ C W^. Hence y does not belong to Q. □ 

Proof of Theorem 1.32. If G is complete, recalling that by Corollary 1.25 every 
Gn is closed in {G, r), by Remark 1.30 every Gn is complete. Conversely assume 
that each (Gn,Tn) is complete and take a Cauchy filter on G- The filter O 
constructed in Lemma 1.33 induces a Cauchy filter C„ on some Gn- Hence On 



16 



converges to some u G Gn and, since by Proposition 1.21 t„ is the topology 

induced by r on C/„, u adheres to the fiher O. Consequently O converges to u 
and the same conclusion holds for J^, since it is finer than O. □ 

We finally consider a family of topological C-modules (^^)^£r and a C-module 
G such that for each 7 € F there exists a C-linear map : Q Qj. The 
initial topology on Q is the coarsest topology such that each is continuous. 
By the C-linearity of L-y we have that such a topology is C-linear and a base 
of neighborhoods of the origin is given by all the finite intersections l~^{Ui) n 
t-i(C/2)... n L-^{Un) where Ui, i = 1,2, n, is a neighborhood of in Q^-. In 
particular if the are locally convex topological C-modules with ultra-pseudo- 
seminorms {7'j.7}je,7-, then the initial topology on Q is determined by the family 
of ultra-pseudo-seminorms {Pj^'j o '-7}jG J^,7er- Let now / be an ordered set of 
indices and {Gi)i^i be a family of topological C-modules such that Qj C Qi 
if j > i. The intersection Q :— Di^iGi is naturally endowed with the initial 
topology defined by {Gi)izi and the injections G ^ Gi- Adapting the reasoning 
of Proposition 3 and the corresponding corollary in [28, Chapter 2, Section 11] 
to the context of topological C-modules, we prove that the completeness of each 
Gi may be transferred to the intersection G under suitable hypotheses. 

Proposition 1.34. Let {Gi)iei ^6 0, family of separated topological C-modules 
where the index set is ordered. Suppose that for i < j, Gj is a C-submodule of 
Gi and the topology on Gj is finer than the topology induced by Gi on Gj ■ Let 
G = Cii^iGi be equipped with the initial topology for the injections G ^ Gi- If 
the Gi are complete then G is complete. 

2 Duality theory for topological C-modules 

This section ^s devoted to the dual of a topological C-module G i-e. the C- 
module L{G,C) of all C-linear and continuous maps on G with values in C. We 

present different ways of endowing L((J,C) with a C-linear topology and deal 
with related topics as pairings of C-modules, weak topologies, polar sets and 
polar topologies. 

Definition^ 2.1. Let G and H be two C-modules. If a C-bilinear form b : 

^ X H — > C : (u, u) —> b{u,v) is given we say that G and 7i form a pairing 
with respect to b. The pairing separates points of G if for all u ^ in G there 
exists V gH such that h{u,v) ^ 0. Analogously it separates points of H if for 
allv ^ inH there exists u £ G such that h{u,v) ^ 0. The pairing is separated 
if it separates points of both G and H. 

A pairing {G, "H, b) defines a topology on each involved C-module via the C- 
bilinear form b. The weak topology on G is the coarsest topology a{G,'H) on 
G such that each map b{-,v) : G ^ C : u ^ b(u,v), for v varying in H, is 
continuous. Every b{-,v) is C-linear and continuous if and only if the ultra- 
pseudo-seminorm Vv : G [0, cxd) : u |b(?i, ?,')|o is continuous. Hence a{G,'H) 
is the topology induced by the family of ultra-pseudo-seminorms {Vv}ve'H and 
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by Theorem 1.10 it provides the structure of a locally convex topological C- 
module on Q. Obviously the same holds for (W, a{H, G))- 

Combining Definition 2.1 with Proposition 1.11 wc obtain that the pairing 
(GjHjb) separates points of G if and only if a{G,'H) is a Hausdorff topology. 
Any C-module G with its algebraic dual L{G,C) and any topological C-module 
G with its topological dual L(^,C) forms a pairing via the canonical C-bilincar 
map (w, T) — T{u). By the previous considerations the topologies a{L{G, C), G) 
and <t{L{G,C),G) are separated. 

Proposition 2.2. Let G be a C-module. L{G,C) is complete for the weak topol- 
ogy a {L{GX),G). 

Proof. Let be a Cauchy filter on L{G, C). For all u € G, ^u, the filter having 
as a base the family {Xu}xeJ^ where X„ := {T{u) : T € X}, is a Cauchy 
filter on C. Since C is complete, .F„ is convergent to some F{u) e C. An easy 
adaptation of the proof of Proposition 13 in [42, Chapter 111, Section 6] to the 
C-module G and its algebraic dual L{G, C) shows that F : u ^ -f'(^) is C-linear 
and that T ^ F according to the weak topology a{L{G, C),G). □ 

Definition 2.3. Let {G,'H,h) be a pairing of C-modules and A be a subset of 
G- The polar of A is the subset A° ofH of those v gH such that \h{u,v)\e < 1 
for all u & A. Similarly we define the polar of a subset ofH. 

Some elementary properties of polar sets are collected in the following proposi- 
tion. 

Proposition 2.4. 

(i) If Ai C A2 then A^ C A\. 

(a) The polar set of AC G is a balanced convex subset ofH closed for a{H,G). 

(Hi) For all invertible A £ C, {XA)° — \~^A° . In particular A° is absorbent if 
and only if A is bounded in {G,cr{G,'H)). 

Proof. We omit the proof of the first and the fourth assertion since it is a simple 
application of Definition 2.3. 

Let A Q G- A° is balanced since for all A G C with |A|e < 1, if w G j4° then 
|b(w, Af)|e = \Xb{u,v)\f. < |A|e|b(u, v)|e < 1 on ^4. For each vi,V2 € A° and 
u G A, the estimate 

|b(u,wi + W2)|e = |b(w,ui) + b(M,W2)|o < max{ | b('U, Wi ) |e , |b(u,W2)|c} < 1 

holds, i.e. A°-\-A° C A°. This result combined with the fact that A° is balanced 
shows that A° is convex. Finally A° is closed in {7i,a{7i,G)) since it may be 
written as n„g^A„ where Au := {v & H : \h{u, v)\e < 1} is closed by definition 
of the weak topology on H. 
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Take now A invertible in C. The equality {\A)° = A is guaranteed by the 

C-bilinearity of b. If A° is absorbent then for all w G W there exists a 6 M such 
that V € [(e*')e]A° = {[{e~^)s]A)° for all b < a. As a consequence, recalling that 
a typical neighborhood of the origin in {Q, a{Q, H)) is of the form U := {u G Q : 
niaxi=i^...^„ |b(M, Vi)|e < rj} = {u e Q : ma^t=i,...,nM[{£^°^'^)e]u,Vi)\c < 1} we 
find a in R such that [(£"'')£] A C U provided b < a + logry. This inclusion shows 
that A is bounded for <t{Q,H). Conversely if A is bounded then for all ?; G W 
there exists a G R such that A is contained in [{e^)^]{u G G '■ \b{u,v)\c < 1} 
for all 6 < a. By the first statement of this proposition we conclude that A° 
absorbs every v inH since 

[{e-%]ve[{s-%]{uGg: \b{u,v)U<ir 

= {{{s'')e]{u € g : \b{u,v)U<l}r CA° 

for any b smaller than a. □ 

By Proposition 2.4 the polar set of a a{Q, W)-bounded subset of Q is absorbent 
and absolutely convex. Hence its gauge defines an ultra-pseudo-seminorm on 
H. 

Definition 2.5. Let (t/,7i, b) be a pairing of C-modules. A topology on 7i is 
said to be polar if it is determined by the family of ultra-pseudo-seminorms 

{'PA°}AeA where A is a collection of a (Q^H.) -bounded subsets of Q . When A is 
the collection of all u{Q ,1-1) -bounded subsets of Q then the corresponding polar 
topology is called strong topology and denoted by l3{H,Q). 

Note that [(£~'')e]u G A° if and only if sup^g^ |b(M,t')|e < e~^. It follows that 
— sup„g^ |b(u, w)|e for every cr (0, ?^)-bounded subset A of Q. It is clear 
that the strong topology /3(W, Q) is finer than the weak topology (t(W, Q). 

Wc now deal with a particular type of locally convex topological C-modules 
whose topological duals have some interesting properties as we shall see in 
Proposition 2.10. 

Definition 2.6. In a topological C-module G a set S is said to be bornivorous 

if it absorbs every bounded subset of G , that is, for all bounded subsets A of G 
there exists a G M such that A C [(e'')^]^' for every b < a. 

Definition 2.7. A locally convex topological C-module G is bornological if every 
balanced, convex and bornivorous subset of G is a neighborhood of the origin. 

In the sequel wc discuss the main result on bornological C-modules concerning 
bounded C-linear maps and wc give some examples. 

Proposition 2.8. Let G be a bornological locally^convex topological C-module 
and H be an arbitrary locally convex topological C-module. If T is a C-linear 
bounded map from G into H then T is continuous. 

Proof. Let V be an absolutely convex neighborhood of in W and A be a 
bounded subset of G- By hypothesis T{A) is bounded in H, i.e. there exists 
a G M such that T{A) C [{e^)e]V for all b < a. T-'^{V) is absolutely convex in 
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Q and, as proven above, it absorbs every bounded subset of Q. Therefore, since 
Q is bornological, T~^{y) is a neighborhood of in ^ and T is continuous. □ 

Proposition 2.9. 

(i) Every locally convex topological C-module Q which has a countable base of 
neighborhoods of the origin is bornological. 

(ii) The inductive limit Q of a family of bornological locally convex topological 
C-modules [Qj)^^^ is bornological. 

Proof. We easily adapt the proof of the corresponding results for locally convex 
topological vector spaces presented in [28, Chapter 3, Section 7, Propositions 
3,4]. 

{i) Let Q he a locally convex topological C-module with a countable base of 
neighborhoods of the origin. We may choose a balanced base of neighborhoods 
of the origin such that Vn+i Q Vn for all n G N. Let [/ be a balanced, 

convex and bornivorous subset of Q. We want to prove that U contains some 
Assume that U does not contain any [(£")e]V^. This means that we 
find a sequence (w„)„ of points 7i„ £ ([(e")^]!^) n \ U). Now by construction 
[(e~")e]M„ converges to in and so the set A := {[(e~")e]M„, n G N} is 
bounded. But U does not absorb A because if there existed a e M such that 
A Q [{e'^)e]U then w„ G [{e"^"')e]U C U for n large enough, in contradiction to 
our choice of the sequence Thus C/ is a neighborhood of in Q. 

(ii) Let : ^ Q he the family of C-linear maps which defines the inductive 
limit topology on Q and U be an absolutely convex and bornivorous subset of 
Q. Hence l~^{U) is absolutely convex in and by continuity of t^, if A^ is 
bounded in then i-yiA.y) is bounded in ^. By Definition 2.6 there exists 
a-y G M such that L^/iA^) C [(e^)^]?/ for all b < that is A^. C [(e'')e]i::^i([/). 
We have proved that l~^{U) is balanced, convex and bornivorous and since 
is bornological, t~^(f/) is a neighborhood of in This tells us that f/ is a 
neighborhood of in ^. □ 

We conclude this section by considering the pairing formed by a topological 
C-modulc Q and its topological dual L(Q,C). We know that L{Q,C) can be 
endowed with the separated topologies (7(L{Q,C),Q) and f3(L(Q,C),Q). Since 
every ultra-pseudo-seminorm defining a{Q, L(0, C)) is continuous for the original 
topology r on Q, a{G, L(^, C) is coarser than r. In some particular cases the 
strong topology turns L{Q, C) into a complete topological C-module. 

Proposition 2.10. Let Q be a bornological locally convex topological C-module. 
Then L{Q,C) with the topology (i{L{Q,C),Q) is complete. 

Proof. We shall show that every Cauchy filter on L{Q, C) is convergent. First 

of all by the same reasoning as in Proposition 2.2, for ail u € G the filter J^u 
generated by {Xu}xej^ where Xy, := {Tu : T G X}, is a Cauchy filter on C 
and it converges to some F{u) G C. The function F : ^ — » C : u — > F{u) is 
C-linear. Moreover F is continuous on G- In fact every bounded subset A of 
Q is cr(S, L(5, C))-bounded and by definition of a Cauchy filter and the strong 
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topology on L{Q,C), there exists X ^ T such that X — X <Z . This means 
that for all T,T' e X and for all u G A we have |r(M) - T'(?i)|e < 1. In 
particular we find a constant c > such that |T(u)|e < c for all T in X and for 
all u A. On the other hand given u €: A, F{u) adheres to J^u and therefore 
there exists T' G X such that \F{u) — T'{u)\e < c. Thus for all u G A we may 
write 

\F{u)U < max{|F(«) - T'(«)|e, |T'(u)|e} < c 

which yields that F{A) is a bounded subset of C. Since Q is bornological, the 
bounded C-linear map F is continuous. 

We complete the proof by proving that converges to F in the strong topology 
f3{L{g,C),g). For ah L(e;, C))-bounded subsets A of and for all j] > 
there exists X G such that |T(u) - T'{u)\e < rj for all uinA and T, T' in X. 
Since F{u), for all u G A there exists T' G X such that \F{u)-T'{u)\e < rj. 

Then for all T G X and u G A 

\F{v) - T{u)l < max{|F(u) - T'iu)],, \T'iu) - T{u)\,} < 77 

or in other words Va° {F — T) < rj. This implies the inclusion X C F + 
[{s- '')e]A°. A typical neighborhood of the origin in f3(L{Q, C), Q) is given by 
{T : maxi^i^... jv Pyi" (7^) < '7}- Hence, from the previous considerations there 
exists X = ni=i,...jvXi, Xi G J^, such that X C F + [(e"'"^'')^] 0^=1,.. .,jv A°, 
which proves our assertion. □ 

Remark 2.11. When Q in a topological C-module we can restrict the family of 
L(^, C))-bounded subsets which defines the strong topology /3(L(^,C),^) 
to the family of bounded subsets of Q. The corresponding polar topology is 
called topology of uniform convergence on bounded subsets of Q and denoted 
by /3b(L(5, C), ^) here. Clearly f3h{L{g,C),Q) is separated and coarser then 
(3{L{Q, C), Q). A careful inspection of the proof of Proposition 2.10 shows that 
when 5 is a bornological locally convex topological C-module then L{Q,C) is 
complete for the topology l3b(L{g,C),g). In Section 3.3 we shall prove that 
the topologies /3(,(L(^, C), ^) and 0(L{Q. C), Q) coincide for a certain particular 
class of ultra-pscudo-normcd C-modulcs. The general issue concerning locally 
convex topological C-modules remains open. 

We conclude our investigation into the properties of the topological dual of a 
locally convex topological C-module by looking at convergent sequences. More 
precisely we will prove that under_suitable hypotheses on Q, if a sequence of Cj 
linear continuous maps r„ : ^ ^ C is pointwise convergent to some T : Q ^ C 
then T is itself an element of the dual L{g, C). This requires some preliminary 
notions concerning barrels and barrelled C-modules. 

Definition 2.12. Let Q be a locally convex topological C-rnodule. An absorbent, 
balanced, convex and closed subset of Q is said to be a barrel. A locally convex 
topological C-module is barrelled if every barrel is a neighborhood of the origin. 

We recall that a subset A of L(5, C) {Q topological C-module) is equicontinuous 
at Uq G g if for every W neighborhood of the origin in C there exists a neigh- 
borhood U of uo in g such that T(u) - T{uo) G W for all u G f/ and T G A. A 
is equicontinuous if it is equicontinuous at every point of g. 
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There exists a relationship among barrels of Q, (t(L(^, C), ^)-bounded subsets 
and equicontinuous subsets of L{Q, C). 

Proposition 2.13. 

(i) Let Q be a locally convex topological C-module. If the subset A C L{0,C) is 
a {L{Q,C),Q) -bounded then there exists a barrel B in Q such that A C B°. 

(a) If Q is a barrelled locally convex topological C-module then every A C L{Q, C) 
which is bounded for a {L{G,C),G) is equicontinuous. 

Proof. («) If A is a{L{Q, C), ^)-bounded then by Proposition 2.4 its polar A° is 
absorbent, balanced and convex. Moreover, A° = Dtga^t where At := {u £ 
Q : |T(?i)|c < 1} is closed in Q by continuity of T. Hence B := A° is a barrel of 
^ such that A C 

(ii) By assertion (i) every a{L{Q, C), ^)-bounded subset A is contained in some 
B° where B is a barrel of g. This means that |T([(e-'°s'')e]M)|c < V for all 
T G A, u £ B and r] > 0. Since G is barrelled is a neighborhood of and by 
the estimate above A is an equicontinuous subset of L(^,C). □ 

We now give some examples of barrelled locally convex topological C-modules. 
We recall that if a Baire space is the union of a countable family of closed 
subsets Sn at least one set Sn has nonempty interior. Baire's Theorem says 
that a complete metrizable topological space is a Baire space. Hence every 
Prechet C-module is a Baire space. 

Proposition 2.14. A locally convex topological 'C-module G which is a Baire 
space is barrelled. 

Proof. Let B be an absorbent, balanced, convex and closed subset of G. Since it 
is absorbent we may write G = U„eN[(£~"')e]-B) where each [(e~")e]B is closed in 
G- is a Baire space. Hence there exists some [{e~")^]B with nonempty interior 
and from the continuity of the scalar multiplication G G ■ u [(e~")e]u we 
conclude that 'mt{B) ^ 0. Let uq G int(B). We find a neighborhood V of 
such that uq + V C B and since B is balanced —uq belongs to B. Hence by 
the convexity ofB,VCuo + V — uq'^B + BCB which yields that B is a 
neighborhood of in ^. □ 

Proposition 2.14 allows us to say that every Frechet C-module is a barrelled lo- 
cally convex topological C-module. The same conclusion holds when we consider 
an inductive limit procedure. 

Proposition 2.15. The inductive limit G of a family of barrelled locally convex 
topological C-modules {G'y)'yer is barrelled. 

The proof of Proposition 2.15 is left to the reader since it is an elementary 
application of the definition of barrelled locally convex topological C-module 
and the continuity properties. Before dealing with sequences (T„)„ in the dual of 
a barrelled locally convex topological C-modulc which are pointwise convergent 
to some map T : g — > C we state a preparatory lemma. 
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Lemma 2.16. Let Q be a topological C-module, M an equicontinuous subset of 

L{Q, C) and T a filter on M . Assume that for all u £ Q, the filter Tu converges 
to some F{u) G C. Then the map F : u ^ belongs to L(Q, C). 

Proof. As already observed in the proof of Proposition 2.2, T^, the filter gener- 
ated by {Xu]xeJ^^ ■= {T{u),T G X}, which is convergent to F{u), provides 
a C-linear map F : Q C Since M is equicontinuous we have that for all 
?7 > there exists a neighborhood U of the origin in Q such that \T{u)\c < rj 
for all w e C/ and T e M. By Tu F{u) it follows that for all u e U 
and ?7 > there exists T' 6 M such that \T'{u) — F{u)\e < r]. The estimate 
|F(u)|e < max{|r'(u) - F{u)\e, \T'{u)\e} < V valid on U entails that F is con- 
tinuous at and therefore continuous on Q. □ 

Proposition 2.17. Let Q be a barrelled locally convex topological C-module. 
Let T be a filter on L{Q,C) which contains a u{L{Q ,C),Q) -bounded subset of 
L{Q,€,). Assume that the filter Tu converges to some F{u) G C. Then the map 
F F{u) belongs to L{g,C). 

Proof. By assertion (ii) in Proposition 2.13 we know that T contains an equicon- 
tinuous subset M of L{g, C). Let O := {Y C M : 3X eT XnM CY}he the 
filter induced by T on M. Ou converges to F{u) for all u £ Q. An application 
of Lemma 2.16 proves that is a C-linear and continuous map on Q. □ 

Corollary 2.18. Let Q be a barrelled locally convex topological C-module. Sup- 
pose that {Tn)n is a sequence in L{Q, C) such that for every u G G the sequence 
{Tn{u))n converges to some T{u) € C. Then T : ^ — > C : u — »■ T{u) belongs to 
L{g,C). 

Proof. The elementary filter associated with the sequence (T„)„ i.e. the filter 
T generated by Xjv := {Tn, n > N}, TV £ N, contains a a{L{Q, C), ^)-bounded 
subset of L{g,C). In fact by r„(u) ^ T{u) each Xn is cr(L(£f,C),£;)-bounded 
and by construction Tu T{u) for all u G Q. By Proposition 2.17 we conclude 
that T e L(g,C). □ 

Corollary 2.19. IfQ^is a barrelled locally convex topological C-module then the 
topological dual L{Q,C) endowed with the weak-topology a{L{Q,C),g) is quasi- 
complete. 

Proof. We have to show that every closed and bounded subset M oiL{Q,C) is 

complete for the topology a-{L{Q ,C),Q). Let T he a. Cauchy filter on M. T 
generates a Cauchy filter T' on L{g, C) which contains a (t(L{Q, C), t/)-bounded 
subset of L{g, C) and a Cauchy filter T" on {L{g, C), a{L{g, C), g)). By Propo- 
sition 2.2 there exists F G L{g,C) such that T" F in L{g,C) and conse- 
quently T'^ F{u) for all u G G. At this point Proposition 2.17 allows to 
conclude that F e L{g,C) and J^"' ^ in L{g,C). Since is a filter on M 
and M is a{L{g, C), e;)-closed, F itself belongs to M and T ^ F. □ 
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3 C-modules of generalized functions based on 
a locally convex topological vector space 



In this part of the paper we focus our attention on a relevant class of examples 
of C-modules, whose general theory was developed in the previous sections. In 
the literature there already exist papers on topologies, generalized functions 
and applications cf. [1, 4, 35] which consider spaces of generalized functions 
Ge based on a locally convex topological vector space E and define topologies 
in terms of valuations and ultra-pseudo-seminorms [32, 46, 47, 48, 50]. The 
topological background provided by Sections 1 and 2 allows us to consider Qe 
as an element of the larger family of locally convex topological C-modules and 
to deal with issues as boundedness, completeness and topological duals. For 
the sake of exposition we organize the following notions and results in three 
subsections. 

3.1 Definition and basic properties ot Qe 

Definition 3.1. Let E be a locally convex topological vector space topologized 

through the family of seminorms {pi}i^i. The elements of 

(3.10) A^E := e £;(°'il : Vi € / 3Af € N Pi{ue) = 0{e-^) ase 0} 
and 

(3.11) Me := {(ue)e e : Vi e 7 V? e N pi{u^) = 0{ei) ase 0}, 

are called E-moderate and E -negligible, respectively. We define the space of 
generalized functions based on E as the factor space Qe '■= M-e/Me- 

It is clear that the definition of Qe does not depend on the family of seminorms 
which determines the locally convex topology of E. We adopt the notation 
u = [{ue)e\ for the class u of {us)e in Qe and we embed E into Qe via the 
constant embedding / — » [{f)e\ ■ By the properties of seminorms on E we may 
define the product between complex generalized numbers and elements oi Qe 
via the map CxQe^Qe- {[{K)e], [(We)^]) [{XeUs)e], which equips Qe with 
the structure of a C-module. 

Since the growth in s of an E-modeT&te net is estimated in terms of any semi- 
norm Pi of E, it is natural to introduce the Pi-valuation of {us)e € A4e as 

(3.12) Vp^((Me)e) sup{6 e M : pi{ue) ^ 0{e'') ase^O}. 

Note that Vp^{{u^)^) — v((pi{u^))^) where the function v in (1.1) gives the valu- 
ation on C. Clearly Vp. maps A4e into (— oo, -|-cxd] and the following properties 
hold: 

(i) Vp.{{ue)e) = +00 for alH e / if and only if (u^)^ G Me, 

(ii) Vp,{{XsUs)s) > y{{Xs)s) +ypi{{us)s) for all (Ae)^ e £m and {ue)s € Me, 
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(ii) ' Vp,((A,Ue).) = v((Ae)e) + Vp,((u,)e) for all (X,), = {ce%, ceC,beR, 

(iii) Vpi((We)e + {Ve)e) > m.m{Vp,{{Ue)e),ypi{{Ve)e)}- 

Assertion (i) combined with (iii) shows that Vp. ((ue)^) = Vp. ((u^)^) if (u^ — u'^)^ 
is -E-negligible. This means that we can use (3.12) for defining the pi-valuation 
'^Pii'^) — Vpi((w£)E) of a generalized function u = [{us)^] G Qe- 

Vp. is a valuation in the sense of Definition 1.8 and thus 'Pi{u) := e"^"*^"^ is an 
ultra-pscudo-scminorm on the C-modulc Qe- By Theorem 1.10, Qe endowed 
with the topology of the ultra-pseudo-seminorms {Vi]i^i is a locally convex 
topological C-module. Following [32, 46, 47, 48] we use the adjective "sharp" 
for the topology induced by the ultra-pseudo-scminorms {Vi^i^i- The sharp 
topology on Qe, here denoted by rj is independent of the choice of the family 
of seminorms which determines the original locally convex topology on E. The 
structure of the subspace Me has some interesting influence on rj. 

Proposition 3.2. is a separated locally convex topological C-module. 

Proof. By definition of Ne if ?i 7^ in Qe then \p.{{ue)e) ^ +00 for some 
i € I. This means that Pi{u) > and by Proposition 1.11 rj is a separated 
topology. □ 

Proposition 3.3. Let E be a locally convex topological vector space. 

(i) If E is topologized through an increasing sequence {pijigN of seminorms and 

(3.13) AfE = {{ue)e&ME-yq&N po(Me) =0(e«) ase^O}, 

then each Vi is an ultra-pseudo-norm on Qe. 

(ii) If E has a countable base of neighborhoods of the origin then Qe with the 
sharp topology is metrizable. 

Proof. Concerning the first assertion we have to prove that T'i{u) = implies 
u = in ^B- From Pi{u) = it follows that Pi{ue) = 0{e'') for all q gN. Since 
Po{us) < Pi{us), (3.13) leads to (we)e € Me- Combining Proposition 3.2 with 
the assumption (ii), we obtain that Qe is a separated locally convex topological 
C-module with a countable base of neighborhoods of the origin. Hence by 
Theorem 1.14 it is metrizable. □ 

Proposition 3.4. If E is a locally convex topological vector space with a count- 
able base of neighborhoods of the origin then Qe with the sharp topology rj is 
complete. 

This result, in terms of convergence of Cauchy sequences, was already proven 
in [47, Proposition 2.1]. For the convenience of the reader we add some details 
to the sketch of the proof given there. 
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Proof. As shown in Proposition 3.3 Qe is metrizable and therefore by Remark 
1.30 it is sufRcicnt to prove that any Cauchy sequence in Qe is convergent. It is 
not restrictive to assume that E is topologized through an increasing sequence 
of seminorms {pk}kGti- If {un)n is a Cauchy sequence in Ge we may extract a 

subsequence {un^)k such that Vp^((u„j.^j.£ — Un^.e)e) > k for all k G N. As in 
the proof of Proposition 1.31 we obtain a decreasing sequence £fe \ 0, < 2~*^ 

such that Pk{Unk+ue - Unk,e) < for all £ e (0, £fc). Let 



e&[ek,l]- 



Obviously {hk,e)e belongs io M.e and for all k' < k, Pk'{hk,e) < ^'^ on the 
interval (0, 1]. The sum Ue := 'fino,£ + SfeLo '^fe.e locally finite and S-moderate 
since for all A; e N 

k oo 
Pk{Ue) < Pk{Uno,e) + ^Pk(hk,e) + ^ PkiKe) 
k=0 k=k+l 

k oo ^ 

<Pk{Uno,e) + ^Pk{hk,e)+ ^ ^• 
k=0 k=k+l 

Finally for all fc > 1 and for all e G (0, £-^_i) 

oo oo oo 

(3.14) p^(n„_,-U,)=Pif(-^Ve) <^£^-^£fe<£^-l5]^. 

— A- /c — A- /c — /c 

By (3.14) we conclude that for all fc > 1, for all q S N, for all k > max{fc, q+1} 
there exists t] G (0, 1] such that P^{unk,s — Ug) < e'^ on (O,??]. In other words 
{unk)k is convergent to u in Qe- Consequently (u„)„ itself converges to u in 
Qe. □ 

Remark 3.5. We recall that a C-module is a C-algehra if there is given a 
multiplication Q x Q ^ Q : {u,v) ^ uv such that {uv)w = u{vw), u{v + w) = 
uv + uw, (u + v)w = uw + vw, X{uv) = {Xu)v = u{Xv) for all u,v,w in Q 
and X € C. In analogy with the theory of topological algebras we say that a 
C-algebra is a topological C-algebra if it is equipped with a C-linear topology 
which makes the multiplication on Q continuous. As an explanatory example let 
us consider an algebra E on<C and a family of seminorms {pi}iei on E. Assume 
that for alH G / there exist finite subsets /q, Iq of / and a constant Cj > such 
that for all u,v € E 

(3.15) Pi{uv) < Ci max pj{u) inaxpj{v). 

Then Qe with the sharp topology determined by the ultra- pseudo-seminorms 
{'Pi}iei is a locally convex topological C-module and a topological C-algebra 
since from (3.15) it follows that 



Pi{uv) < maxV j{u) maxVj{v) 



for all « e /. 
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In the sequel we collect some examples of locally convex topological C-modules 
which occur in Colombcau theory. For details and explanations about Colom- 
beau gcncrahzod hmctions we mainly refer to [7, 19, 32]. 

Example 3.6. Colombeau algebras obtained as C-modules Qe 

Particular choices of E in Definition 3.1 give us known algebras of generalized 
functions and the corresponding sharp topologies. This is of course the case 
for = C and Qe — which is an ultra-pseudo-normed C- module and more 
precisely a topological C-algebra. 

Consider now an open subset O of R". E = £(0), i.e. the space C°°(0) topolo- 
gized through the family of semmoyms pKi,j{f) = ^^l?xeKi,\a\<j \9"f{x)\, where 
Kq c Ki c ....Ki c ... is a countable and exhausting sequence of compact sub- 
sets of fl, provides Qe = Q{^) ([7, 19]). By Propositions 3.2, 3.4 and Remark 
3.5, Q(fl) endowed with the sharp topology determined by {"Pifi.jjieNjeN is a 
Frechet C-module and a topological C-algebra. Other examples of Frechet C- 
modules which are also topological C-algebras are given by when E is y{M.^) 
or W°°'P{R"), p G [1,-|-cxd]. In this way we construct the algebras Q^X^") 
([15, Definition 2.10]) and Qp.p{M.") ([3]) respectively, whose sharp topologies 
are obtained from pk{f) = sup^gR„j„|<fc(l + |x|)'=|a"/(x)|, / e y{R") and 
qkig) = max|„|<fc ||9"g||p, g G M^°°'P(lk"), with k varying in N. In [14] we prove 
that a characterization as (3.13) holds for the ideals = N^iW^) and 

= ■A/'p,p(M"). As a consequence Vk and Qk are ultra-pseudo- norms 
on Q^{W) and Qp,p{W) respectively. 

We concentrate now on the subalgebra Qc{^) of generahzed functions in Q{Q) 
with compact support. It will turn out that Qc{^) can be equipped with a 
strict inductive limit topology, but this procedure requires some preliminary 
investigations. For technical reason we begin by recalling the basic notions of 
point value theory in Colombeau algebras [19, 38], which will be used in the 
sequel. 

The set of generalized points -r G is defined as the factor VIm/ ~, where 
VLm := {{Xe)e e : 3A^ G N Jccel = 0(e~^)as£ ^ 0} and ~ is the 

equivalence relation given by 

(X,)e ~ {ye)e ^ Vg G N \x, - y,\ = 0(£«). 

We say that 2 G fic if it has a representative {xe)e such that belongs to a 
compact set K of fHor small e. One can show that the generalized point value 
of u G Q{Q.) at a; G Oo 

u{x) := [(M£(Xe))e] 

is a well-defined element of C and Theorem 1.2.46 in [19] allows the following 
characterizations of generalized functions in terms of their point values: 

(3.16) u = in Q{^) ^ Vx G f2c u{x) = in C. 

Example 3.7. The Colombeau algebra of compactly supported gener- 
alized functions 

For if g J7 we denote by fe(ri) the space of all generalized functions in Q(yi) 
with support contained in K. Note that Qk{^) is contained in Qt)j^,{q) for all 
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compact subsets K' of Vt such that K C mt{K'), where Dx'(^) is the space 

of all smooth functions / with supp / C K'. In fact if suppu C K wc can 
always find a (r2)-moderate representative (ue)e and for all representatives 
{us)e, {K)e of this type, {ue - u'^)e € Ap^,(Q). With this choice of (ue)^, from 
jVd^, (q) C A/'(0) we have that 

is a well-defined and injective C-linear map. Moreover, by A1u^,(n) n AA(ri) C 
■^Vfr,{n)j Gvfr,{n) is naturally embedded into Q{0,) via 

In ^(ri) the pK,n-valuation where PK.ni.f) = sup^.^^^ |„|<„ \d°'f{x)\ is obtained 
as the valuation of the complex generalized number sup^g^ |^|<;„ 
(sup^g^_l„l<„ \d"Us{x)\)e+Af. Hence for K,K' ^n, K C int(i(''), 

(3-17) VK,nM=Vp^,„(u) 

is a valuation on Qk{^)- More precisely (3.17) does not depend on K' since for 
any K[, K2 containing K in their interiors and for any u G Gk{^) we have that 

^ii:(f2) with the topology induced by the ultra- pseudo-seminorms {'?'aft:(n),n(w) 
:= e~^'^-"^'^''}n^n is a locally convex topological C-module and by construction 
its topology coincides with the topology induced by any QDj^,(n} with K C 
int(ir'). In particular, the C-module Qk(^) is separated and by Theorem 1.14 
it is metrizable. Finally assume that u G Qv,^,{Q.) adheres to Qk{^)- We find a 
sequence (ti„)„ G Qk{^) such that Vp^, ^(u — u„) > n for all n 6 N. Recall that 

for all a; € Vc, where V = , the point values m„(x) are zero in C and 

vc(w(£)) > min{vp^,^(u - u„), VcK(J))} = Vp^,^(u - 

Consequently = in C and by (3.16) suppu C K. We just proved that 

Qk{^) is closed in Qv^^, (vi) and since Q-Dj^, (Vt) with its sharp topology is complete. 
Remark 1.30 allows to conclude that {QK{^),{T-'g^{p,)^n}nm) is a Frechet C- 
module. 

Note that if Ki C K2 then Qk^ (fi) Q Gk2 {^) and that {^) induces on 
Qki{^) the original topology. By construction Qk^{Q) is closed in Qk2{^)- 

Let (Kn)neN be an exhausting sequence of compact subsets of ^l such that 
Kn C Kn+i- Clearly gdfl) = UnenGK^i^)- Each fe„(0) is a Frechet C- 
module and the assumptions of Definition 1.20, Theorem 1.26 and Theorem 
1.32 are satisfied by Qn = Qk„{^)- Therefore Qd^) endowed with the strict 
inductive limit topology of the sequence {Gk„ {^))n is a separated and complete 
locally convex topological C-module. Obviously this topology is independent of 
the choice of the covering (i^„)„. 

Applying Corollary 1.29 to this context we have that a sequence {un)n of gen- 
eralized functions with compact support converges to in Qc{^) if and only if it 
is contained in some Gk{^) and convergent to there. 
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Remark 3.8. Classically [28, Example 7, p. 170] the topology on I>(0) is de- 
termined by the seminorms 

Pe{f)= sup sup |6'Q;(a;)a"/(a;)|, 

qgN" xeo 

where 9 runs through all possible families = (^a)aeN" of continuous functions 
on O with (supp^a)aeN'' locally finite. Easy computations show that 

(3.18) tv : Qci^) ^ Gvm ■■ u {u,),+N'-v{n), 

where {ue)^ is any representative of u with supp(ue) contained in the same 
compact set of O for all e G (0, 1], is wcU-dcfincd and injoctive. One may think 
of endowing Qd^) with the locally convex C-lincar topology induced by the 
sharp topology on Q-pin) via tx). Denoting this topology by t-d and the strict 
inductive limit topology of Example 3.7 by t, wc have that T-p is coarser than 
r since every embedding Qk„{^) — » Gc{^) is continuous for on Qc{i~l). In 
detail, taking K'^ (s with Kn C int(i4r^) for all {9a) a there exists G N and 
C > such that the estimate 

sup SUp\da{x)d°'Us{x)\ = sup SUp \9a{x)d"Ue{x)\ 

aeN"a;en \a\<NxeK' 

(3.19) 

< C sup \d'^Ue{x)\ = CpK' ,N{Ue) 
\a\<N,xeK^ 

holds for every representative of u G QK^i^) with supp(u£) C K'^ for all e € 
(0,1]. (3.19) implies 

and by Corollary 1.17 guarantees the continuity of the embeddings mentioned 

above. 

In general r-p does not coincide with t. This is shown by the fact that there 
exist sequences in ^c(K") which converge to with respect to Tp but not with 
respect to r. Indeed, for every ip G C^(R") the generalized functions u„ := 
(e"V(^))£ + A^(R") have compact support and at fixed n 

sup sup I £"n-l"l6»a(a;)a"V(-)| = 0(£"), ase ^ 

Thus Vpg{un) > n — > +00. This means that (w„)„ is Tx>-convergent to 0. Since 
suppun = nsupp'^, by Example 3.7 (u„)„ cannot be r-convergent to 0. 

Example 3.9. The algebra of tempered generalized functions C7i-(R") 
The algebra of tempered generalized functions C/t-(IR") may be introduced refer- 
ring to the constructions of [7, 19] as the factor space fi-(K")/A/'T(M"), where 
£r{W) is the algebra of all r-moderate nets (Me)e G 5r[]R"] := Om(]R")^°'^> such 
that 

(3.20) Va G N" 37V G N sup (1 + |a;|)-^|a"ue(a;)| = 0(£-^) as £ ^ 

and A/'t(IR") is the ideal of all r-negligible nets {us)e G £r[K"] such that 

(3.21) Va G N" 3iV G NVg G N sup (1 + \x\)-^\d''ue{x)\ = 0(£«) as £ ^ 0. 
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Theorem 1.2.25 in [19] shows that A/VCR") coincides with the set of all (ue)e S 
£r{W) whose 0-th derivative satisfies (3.21) i.e. 3N S NVg € N sup^gR„(l + 

|a;|)~'^|u£(a;)| = 0(£^). Moreover for each x £ M", u{x) := [{ue{xe))s] is a 
well-defined element of C and the point value characterization 

(3.22) u = in ^^^(M") <^ V2 G R" u{x) = in C 

holds. We present a locally convex C-linear topology on Qr{^") whose construc- 
tion involves a countable family of different algebras of generalized functions. 
We denote by ^'^.^(IR") the factor algebra £:r(M")/.A/>(R") (c.f. Definition 2.8 
[13]) where 7\/'^(M") = A/'^(k")- Inspired by the definition of r-moderate nets 
we introduce the set 

£^{W) := {{Ue)e e fr[R"] : 36 € M 

sup (1 + \x\)-^\d"u^{x)\ = 0{e'') as e ^ 0} 

x6K'',|a|<m 

and the C-module a]^_^(K") := f]^(M")/A/>(R"). Thus, setting ^;™^(IR"):= 
UjveN£']^,j^(K") we have that 

GrM^-) = fi a,xK") = n u 

m€N mSNATgN 

We begin by endowing _y (K") with a locally convex C-linear topology consid- 
ering Gt{^^) only in a second step. Every ^ locally convex topologi- 
cal C-module for the ultra-pseudo-seminorm Vj!f determined by the well-defined 
valuation 

v5^(w) := sup{6 e M : sup {1 + \x\)-^\d°'Ue{x)\ = 0{e'') as e ^ 0}. 

xe^",\a\<m 

Hence, we equip ^™j^(M") with the inductive limit topology of the sequence 
(e?™^(M"))jveN and'we take the initial topology on g^,j^(M") = DmenG^A^"')- 
Finally we topologize Qr{M."') through the finest locally convex C-linear topology 
such that the map 

ir,^ ■■ QrM^") ^r(R") : {u,), + Af^{R^) ^ (u,), + Mr{W) 

is continuous. The fact that this topology is separated follows from the continu- 
ous embedding of ^^(R") into the separated locally convex topological C-module 
L(g^(R"),C) studied in [14]. 

Example 3.10. Regular generalized functions based on E 

For any locally convex topological vector space {E, {pi}iei) the set 

(3.23) M'^ := {{u,), e E^°'^^ : 3iV e NVi £ / p^{ue) = Oie'^) as £ ^ 0} 

is a subspace of the set of E'-moderate nets. Therefore the corresponding 
factor space := /Me is a subspace of whose elements are called 
regular generalized functions based on E. When E is in addition a topological 
algebra, i.e. estimate (3.15) is satisfied, Qe and Q'^ are both algebras. We 
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want to equip with a suitable C-linear topology and discuss some examples 
concerning Colombeau algebras of regular generalized functions. 

First of all since Q'^ Q Ge the sharp topology induced hy Qe on Q'^ gives the 
structure of a separated locally convex topological C-module to Ge" ■ The ultra- 
pseudo-seminorms obtained in this way are the original Vi on Ge restricted to 

The moderateness properties of A4'e allow us to define the valuation v^ : 

M'^ — > (-00, +00] as 

= sup{6 e M : Vie I Pi{ue) = 0{e^) as £ ^ 0} 

which can be obviously extended to G'e- This yields the existence of the ultra- 
pseudo-norm 

V^{u) :=e-^^(") 

on G'e- Since for all i e / and u G Ge"^ Vp. (u) > v^(w), the topology 
determined by on G'e is finer than the topology induced hy Ge- 

Adapting Proposition 3.4 to this situation one easily shows that when E is a 
locally convex topological vector space with a countable base of neighborhoods 
of the origin, G'e with the topology is complete. In fact assuming that E 
is topologized through an increasing sequence of seminorms {pk}k^n, if {un)n 
is a Cauchy sequence in G'e then we can extract a subsequence {un^)k such 
that v^(w„j^_^i — Unt,) > k. This means that Vpiiun^+i — Un^) > k for all 
i G N and that there exists a decreasing sequence Sk \ 0, < 2"*^ such that 
Pfe(wnfe+i,£ - Unk,e) < for all £ G (0,£fc). Defining (/ife,^)^ as in the proof of 
Proposition 3.4, {hk,e)e G M'^ and for all k' < k we have that Pk'{hk,e) < e*^ 
on the interval (0, 1]. As a consequence = Uno,e + X^fc=o ^l^<^ element of 
M'e and for ah A; > 1, A; < fc and e G {0,ej^_i) 

When k > k we may write 

where as before Pk{unk,e - ""-e) = 0(£''~^) = 0(£*'~^) and pk{u„-e - Un^.e) = 

0{e'') = 0(e''^^) using the assumption y'si^n^^i — u„j.) > k and a telescope 
sum argument. In this way we obtain that v^(u„_,e — Me) > fc — 1 and therefore 

Un,^UmiG^,Tp. 

In conclusion we can say that if E has a countable base of neighborhoods of 
the origin then the associated space Ge of regular generalized functions is a 
complete and ultra-pseudo-normed C-module. 

Example 3.11. The Colombeau algebra of .i^-regular generalized func- 
tions 

A concrete example of G'e is given by the Colombeau algebra of .i^-regular 
generalized functions ^?^(M") introduced in [13, 15], whose definition is precisely 
G'^ with E = In this case we have that v~.jj„Jm) := sup{6 G M : 
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Vfc G N sup,gR„^i„|<fc(l + \x\)''\d"u,{x)\ = 0{e^)} and smceJP^^^^^{uv) < 
^^(M")(^)^^(M")(^) turns out that ^?^(M") is a topological C-algebra and a 
complete ultra-pseudo-normed C-module. 

Example 3.12. The Colombeau algebra 

We recall that the Colombeau algebra of regular generalized functions is the set 
Q°°{^1) of all u e 5(0) having a representative {ue)s satisfying the following 
condition 

(3.24) VJST (s 17 3iV G N Va € N" sup \d"ue{x)\ = 0{e-^) as e 0. 

xeK 

(3.24) defines the subset S^i^) of moderate nets £m{^) and deter- 
mines Q°°{^1) as the factor £^ (il) / Af (il.) . Q°°{^1) can be seen as the intersection 
t^Ki^nG°°{K) where G°^{K) is the space of all u G G{il) such that there exists 
a representative {us)e satisfying the condition 

(3.25) BATGNVaGN" sup |a"ue(a;)| = 0(e^^) as £ ^ 0. 

xeK 

Let us choose an exhausting sequence K = Kq C Ki C K2--- of compact subsets 
of fl. We equip Q^{K) with the locally convex C-linear topology determined 
by the usual ultra-pseudo-seminorms Vi{u) = e~^f*("^ on Q{fl) where Pi{ue) = 
^^PxeKi,\a\<i |c^"'^f(2;)|, and the 5°°(/i')-ultra-pseudo-seminorm'Pgoo(x) defined 
via the valuation 

(3.26) vgoo(K)(w) = sup{6 G M : Vq G N" sup \d"u^{x)\ = 0{e'')}. 

xeK 

It is clear that with this topology Q°°{K) is separated and metrizable. 

We want to prove that Q°°{K) is complete. As in the proof of Proposition 3.4 
and the reasoning concerning C/^ in Example 3.10, if (u„)n is a Cauchy sequence 
in Q°°{K) we can extract a subsequence (u„^. )j and a sequence ej \ 0, ej < 
such that for all j e N, vgoa(^K){un^^i^e ~Unj,e) > j and Pj(M„^.+i,£ - M«j,e) < e-' 
on {0,£j). Define the net {hj,e)s as Mnj_|-i,e — Unj,s on the interval {0,ej) and 
outside. By construction {hj^^)^ satisfies (3.25) and by Proposition 3.4 Ue := 
Uno,e + X^jlo ^J>e bclougs to £m{^)- More precisely for all a G N" 

\a\ oo 

sup |9"u£(a;)| < sup |9"u„o,£(a;)| + sup \d'^hj^s{x)\+ V] Pjihj^e) 

ct| oo 

< sup |a"u„o,e(a;)| + V sup \d^hj,e{x)\+ V 7^7, 

^e-^ ,=o-ex,|/3|<|a| i=|a|+l 

where sup^.^^ |^|<|^| |9''/ij,e(a;)| = 0(1) for all j and a. It follows that {ue)^ + 
Af{fl) G 5°°(ii;') and adapting the estimates in the proof of Proposition 3.4 to 
our situation we obtain that for all j > 1 

(3.27) Pj{unj,e - We) = 0{e^-'^) as £ ^ 0. 
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As a consequence sup^g^ j„|<j |5'*(u„_£ - Us){x)\ = 0{e' li j > j the 
assumption vgoo(^K){unj+ue - Unj,e) > j leads to 

(3.28) 

sup \d"{Unj,s - Ue){x)\ 
xeK,\a\<j 

< sup \d"{Unj,E -Unj,s){x)\+ SUp Id" {Unj ,e - Ue){x)\ 

x^K,\a\ <j x£Kj , 1 a I <j 

= 0(e^)+0(£-'-i) = 0(e^-i). 

(3.28) shows that vg;Do(-jf)(u„_.e — Ug) >j — 1 and combined with (3.27) yields 
that is convergent to u in ^^""(K). In this way Q°°{K) is a Frechet C-niodule. 

By definition Q°°[K') is a C-submodule of ^""(if) when K C K' and noting 
that ■Pgo.(^K)iu) < rg^(K'){u) for all u e ^°°(K')> the topology on g°°{K') is 
finer than the topology induced by Q°^{K) on Q°°{K'). We are in the situation 
of Proposition 1.34. Hence Q°°(yt) equipped with the initial topology for the 
injections Q°^{n) Q°^{K) is a complete locally convex topological C-module. 
More precisely since for every Vi as above the estimate Vi{u) < 'Pg<y=[Ki){u) 
holds on (J°°(51), the initial topology on Q°"{Vl) is determined by a countable 
family of ultra-pseudo-seminorms and then Q°°(yi) itself is a Frechet C-module. 
This topology on Q°°{n) is finer than the sharp topology induced by Q{0) on 
Q°°{n) and makes the multiplication of generalized functions in Q°°{^) contin- 
uous. 

Note that choosing E = f (Jl) in Example 3.10 we can construct the algebra 
^T{n)- Obviously ^^(q) C Q°°{^) but they do not coincide since the estimates 
which concern the representatives in ^l^j^) I'oquirc the same power of e for all 
derivatives and all compact sets K. Finally Vg^(^K){u) < 'P£^q){u) for all K Q 
and ueg^^^y 

Example 3.13. The Colombeau algebra G^iQ) 

Q^{n) denotes the algebra of generalized functions in Q°°{n) which have com- 
pact support. We want to endow this space with a C-linear topology. By the 
previous considerations each ^^^(q), € fi, is a complete ultra-pseudo-normed 

C-module with valuation 

VcK(n)(w) = sup{6 G M : Va G N" sup |a"ue(a;)| = 0{e^)}. 

Note that yg-=°{K) defined in (3.26) and vg'^^j^j coincide on ^^^(q). Repeating 
the reasoning of Example 3.7, Q'^{Q.), the space of all generalized functions in 
Q°°{Vt) with support contained in is contained in j.^^, for every compact 
K' containing K in its interior. This inclusion is given by 

where we choose a representative (lie)^ of u in £^ (fl) Ci A4j) ^, (^^y It is clear that 
contained in g°°{n). Since for every <£ ^ with K C int(if() n 

int(iir2) and u G g^{il.) we have that v^ ^ (o)(^) ~ , (0)('")' define 
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the valuation on ^^(O) as v^(u) = v^^^,(^q){u) where K C mt{K') g O. 

In this way wc can equip Q'^(Cl) with the C-hnear topology determined by the 
ultra-pseudo-norm 'Pgg?(n)(M) = e^^^("). Note that this topology is finer than 
the one induced by on Q^{n). 

Since the topology considered on is finer than the topology induced 

by Qvf^, {^) on G^^, (o) and Gk {^) is a closed subset of Gvj^, (O) we have that 
Q'^{fl) is closed in Q-^ ,(Qy Hence (^^(17) is complete for the topology defined 
by Vg^{p,). In analogy with the non-regular context examined before, G^^i^) 
induces on Q"^ the original topology if K\ C K2 and Gk {^) is closed in 
GZi^). 

At this point given an c;xhausting sequence K^y C Ki C K2.... of compact sets, 
the strict inductive limit procedure equips Q^{^) = U„gN^/}^ (fi) with a com- 
plete and separated locally convex C-linear topology. Denoting the topologies 
on Qk„{^) and Gk^{^) by t„ and respectively and the inductive limit 
topologies on Gc{^) and Q^{fl) by r and respectively, we obtain that 
r°° is the finest locally convex C-linear topology such that the embeddings 
(^^^(0),T^) — > (^^(Q),T°°) are continuous. Moreover since the embedding 
maps (0x„(^)''^ri°) ^ {GK„{^),Tn) {Qc{^),t) are continuous, the topology 
T°° on 0^{Q) is finer than the topology induced by Gc{^)- 

3.2 Continuity of a C-linear map T : Qe ^ G 

We already argued on the continuity of a C-lincar map between locally convex 
topological C-modules in Subsection 1.2, Theorem 1.16 and Corollary 1.17. Here 
we focus our attention on C-linear maps where at least the domain is of a space 
of generalized functions Qe over E. In particular, we investigate the relation- 
ships between C-linearity and continuity with respect to the sharp topology by 
means of some examples. Before proceeding we recall that given locally convex 
topological vector spaces (E, {pi}iei) and (F, by (1.9) a C-linear map 

T : Qe ^ Gf continuous for the corresponding sharp topologies ("is sharp 
continuous" for short) if and only if for all j & J 

Qj{Tu) < Cm&xViiu) 

for some finite subset Iq of I, or in terms of valuations Vq. {Tu) > — log C + 
minjg/g Vp^(u). In the following remark we discuss some examples of C-linear 
maps which are continuous. 

Remark 3.14. 

(i) When is a normed space with dimi? = n < 00, every C-linear map T from 
Ge into a locally convex topological C- module G is continuous. 

(ii) We say that a C-linear map T : Qe ^ Gf, where E and F are locally convex 
topological vector spaces, has a representative t : E F if t maps moderate 
nets into moderate nets and negligible nets into negligible nets, i.e. {ue)s & A4e 
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implies {tUs)^ & M.f and (ue)^ € Me implies {tUs)^ G A/f, and Tu = {{tUs)e\ 
for all u e 

Any linear and continuous map t : E ^ F defines the C-linear and sharp 
continuous map T : Qe Gf '■ u ^ [{tUe)s]- In fact, since t is continuous T 
is well-defined and sharp continuous and finally the C-linearity of t yields the 
C-Unearity of T. 

(iii) The sharp continuity of a C-linear map T with representative t : E ^ C 
does not guarantee the continuity of the representative. Let {E, {pi}iei) be a 
non-bornological locally convex topological vector space and t : S — » C a linear 
bounded map which is not continuous. To provide an example of such a map 
T we consider the space of regular generalized functions based on E and we 
slightly modify the corresponding definition by requiring uniform estimates in 
the interval (0, 1]. In other words we introduce C by factorizing {{us)e G 
£^(o,i] . ^ p^Y^ g J sup5g(o,i] e^K(ue) < 00} with respect to {{us)e S 

£■(0,1] . yj g j\fq g f;} supjg(o,i] ^"'^^(^e) < oo}- If (^^£)e is a representative 
ot u e then for some TV e N the set {e'^Ue, e G (0, 1]} is bounded in E 
and from the boundedness of t we have that \t{e^u^)\ = e^\t{ue)\ < c. This 
means that T : C : u ^ [{tUs)e] is well-defined and sharp continuous 

since v^{Tu) > v^{u). 

Take now a pairing of vector spaces {E, F, b) and endow E with the weak topol- 
ogy a{E,F). It is clear that for each y G F the map E ^ C : x ^ b{x,y) 
is continuous and from (ii) in Remark 3.14 h{-,y) : Qe ^ C : u ^ b{u,y) := 
[(b(u£,y))e] is sharp continuous. 

Proposition 3.15. Let {E,F,h) be a pairing and let E be equipped with the 
weak topology a{E,F). If T : Qe ^ 'C is a sharp continuous C-linear map with 
a representative t : E ^ C then there exists y G F such that Tu = b{u, y) for 
all u G Qe- 

The proof of Proposition 3.15 needs a preparatory lemma. 

Lemma 3.16^ Under the assumptions of Proposition 3.15 on E and F, if T : 
Qe ^ C is a C-linear and sharp continuous map then there exists {yi}iLi C F 
such that 

N 

(3.29) P|kerb(-,2/,) C kerT. 

Proof. Since T is continuous at the origin, there exists {yi}^i C F and 77 > 
such that maxfLi \b{u,yi)\e < rj implies \Tu\e < 1. Now if w G ni=i ker b(-,yi) 
then |b(u, j/i)|c = for all i = 1,...,N and the same holds for w = [(e^°)g]u 
where a is an arbitrary real number. Thus \Tw\e = e"|Tu|e < 1 which implies 
\Tu\e < e"" for all a and therefore u G kerT. □ 

Proof of Proposition 3.15. By Lemma 3.16 we know that there exists a finite 
number of 2/1,2/2, yn in F such that (3.29) holds. Let L be the C-linear map 
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from Qe into given by Lu = (b(u, yi), b(u, j/2), b(u, yjv))- The inclusion 
(3.29) allows us to define S : L{Qe) C : (b(u, j/i), h{u, 2/2), b('u, hn)) ~> Tu. 
Consider now the subset V := {(b(M, yi), b(w, 2/2), b(w, yjv)), u € i?} of C^. 
By (3.29) the map s : V — > C : (b(w, yi), b(u,y2), b(w, yjv)) — > is a well- 
defined representative of S and it can be obviously extended to a linear map 
s' : — > C. This means that if (ei, 62, ejv) is the canonical basis of and 
s'(ei) = Xi, i = 1, N then we have, for all u € Qe, that 

Tu = S{b{u, yi), b(w, 2/2), •-, b(tt, ^a?)) = [{s(b{Ue, yi), h{Us, 2/2), ...b(Me, 2/Ar)))e] 

^Xih{us,yi)] = ( b(ue,^Ai2/i) ] =b(u,^Ai2/i 



where X^^Ii Ajt/i G F. 



□ 



In conclusion Proposition 3.15 combined with (ii) in Remark 3.14 and the clas- 
sical results on pairings and continuity leads to the following statement: under 
the assumptions of Proposition 3.15, T : Qe C is sharp continuous if and 
only if there exists y £ F such that T = b(-, y) if and only if the representative 
t : E ^ <C\s continuous. 



3.3 The topological dual L(^£;,C) when £■ is a normed 
space 

The space of generalized functions Qe has a simple and interesting topological 
structure when is a normed space and we consider the ultra-pseudo-norm 
II^IIse ■= e~^i' I' E In Section 2 we equipped 'L{Qe,'C) with three topolo- 
gies: the weak topology c7(L(^?b,_C), Sb), the strong topology /3(L(0£;, C), t/s) 
and the polar topology /36(L(^£;, C), ^b)- The ultra-pseudo-norm introduced on 
Qe defines, as in the classical theory of normed spaces, a corresponding ultra- 
pseudo-norm on L(5£;,C) adding another C- linear topology to the list above. 
For the sake of generality we begin to discuss this topic in the context of an 
ultra-pseudo-normed C-module Q. 

Proposition 3.17. Let Q he a topological C-m.odule with topology determined 
by an ultra-pseudo-norm V. The map T^jj^g^-^ defined on L(Q,C) by 

(3.30) V^gc^{T) = M{C>0:yueQ \TuU<CV{u)} 

is an ultra-pseudo-norm on L{Q,C) and it coincides with sup |Tu|e. 

V(u) = l 

Proof. Since it is immediate, we do not prove that (3.30) has the properties 
which characterize an ultra-pseudo-norm. We note that when uq ^ in Q the 
element [(e'°s^("''))s]uo belongs to the set ofU :={ueQ : V{u) = 1}. Hence 

sup |Tw|e = inf{C > : Vu G [/ \Tu\^ < C) 

P(m)=1 

= inf{C > : Vu G a \Tu\^ < CV{u)}. 

□ 
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Remark 3.18. Denoting the topology on L{Q, C) obtained via ^ by r we 
can write the chain of relationships 

(3.31) a{L{g,c),g) <T ^ i3b{h{g,C),g) < i3{h{g,C),g), 

where -< stands for "is coarser than" . 

As in the theory of normed spaces we state the following result of completeness. 
The proof can be obtained by transferring the arguments of Proposition 3 in 
[45, Chapter 3] into the framework of ultra-pseudo-normed C-modules. 

Proposition 3.19. If{g,V) is an ultra-pseudo-normed C-module then the dual 
{L{g,C),V£f^g^s^) is complete. 

Before proceeding with and the topological features of its dual L{gE,C) we 

present an easy adaptation of the Banach-Stcinhaus theorem to complete ultra- 
pseudo-normed C-modules. As observed in Subsection 1.2 every complete ultra- 
pseudo-normed C-module ^ is a complete metric space with metric W2) = 
V(v,i — U2) and therefore a Bairc space. This means that if Q may be written 
as a countable union of closed subsets 5„ then at least one Sn has nonempty 
interior. This fact allows us to prove the C-modules version of Osgood's theorem 
and the Banach-Steinhaus theorem. 

Theorem 3.20. Let {G^V) he a complete ultra-pseudo-normed C-module and 
{Ti)i^i be a family of continuous functions defined on G with values in C. Sup- 
pose that for each u gG the family {Ti{u))i^i is hounded in C. Then there exist 
uo & G, f] > ^ C'l^d C > such that |Tj(u)|e < C for all i £ I and u £ G with 

V{u — Uq) < 1]. 

Theorem 3.21. Let (GtV) be a com,plete ultra-pseudo-normed C-module and 
[Ti)i^j be a family of functions in C) such that (Ti(u))i^i is bounded in C 
for all u £ G- Then there exists a constant C > such that \\Ti\\£^g q < C for 
all i £ I. 

Proof. By Theorem 3.20 we may find a set ^^(■uo) .= {u £G ■ Viu — uq) < 77} 

and a constant C > such that |TiM|e < C for all u £ i?^(uo) and i G /. Since 
[(£iog(7'(«)/r,)-)^]y -h uo belongs to S^(uo) when u ^ in g it follows that 

^|T,w|e = |T,([(£'°s(^(«)/''))e]«)|e 

< max{|T,([(e'°s(^(")/''))e]w + «o)|e, \TiUo\e} < C. 

Therefore \Tiu\e < {C/ri)V{u) for &\\ u £ G and i £ I. This yields the uniform 
bound mWi^^g^^^ < C/rj. □ 

For any normed space E we already proved that h(GE, C) is a complete ultra- 
pseudo-normed C-module for the ultra-pseudo-norm || • H^^g^ q defined by 7-* = 
II • jjgg in (3.30). The generalized functions belonging to Ge', when £" is the 
topological dual of E topologized through the norm ||/||e' = sup||3.||g^i 
are particular elements of L{Ge, C). 
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Proposition 3.22. Let E be a normed space. The map 

(3.32) Qe' ^ LigE,C) -.v ^ (w ^ viu) := [{veiue))^]) 

is a C-linear injection continuous with respect to || • and \\ ■ W^g^^ £)■ 

Proof. First of all \ve{ue)\ < ||we|U'||we||B for all {ve)e &^Me' and {ue)e e Me- 
This implies that the map in (3.32) is well-defined, C-Iinear and continuous 
by \H-)\\h(QE.C) = sup||„||g^^i |w(u)|c < WAge'- Concerning the injectivity, 
assume that v{-) = in Ij{Qe,C) but v ^ in Qe'- This means that there 
exists a representative (ue)£ of v such that > for some q gN and a 

decreasing sequence e„ — > 0. Therefore, we may choose a sequence {un)n Q E 
with ||wn||B = 1 for all n such that |i'e„(Mn)| > ^n- Let now {us)s be the net 
in defined by on (^o, 1] and Un on {en+i,£n]- Clearly (ue)e G Me and 

by construction (ug(Me))e ^M. Therefore v{u) 7^ for u = [(«£)£] € which 
contradicts our hypothesis. □ 

In analogy with the Hahn-Banach theorem for normed spaces wc may construct 
an element of the dual L{gE,'C) having an assigned value on some u & Qe- In 
the sequel we denote the complex generalized number [(|| «£!!£;)£] by 

Proposition 3.23. For any u G Qe there exists v e Qe' such that \\v\\gj^, = 1 

and v{u) = 

Proof. Take a representative {ue)e of u. By the Hahn-Banach theorem we have 
that for all e G (0, 1] there exists Ve G E' such that Vs{ue) = \\us\\e and HweHb' = 
1. Hence {vs)^ £ Me' and v = [{ve)£] € Qe' satisfies the assertion. □ 

Corollary 3.24. For all u&Ge 

(3.33) \Mg^= sup \v{u%. 

IIHIce'=i 

Proof. The right-hand side of (3.33) is smaller than the left-hand side since 
the estimate |i'(w)|e < 11^110^/ I|w||0e holds for all u € Qe and v G Qe'- By 
Proposition 3.23 there exists v E Ge' with ultra-pscudo-norm 1 such that v{u) = 
\\u\\e- Then |v(m,)|o = HmUc/e and the equality in (3.33) is attained. □ 

Remark 3.25. Corollary 3.24 says that {Ge, \\ • Wqe) is isometrically contained 
in {L{Ge','C), II • ||]_,(g^, c))- particular applying this result to Gf with F = E' 

we have that {Ge', \\ ■ Wg^') isometrically contained in {L{Ge,'C), \\ ■ ||£,(gg c)) 
when E is reflexive. 

We conclude the paper proving the following proposition on bounded subsets. 

Proposition 3.26. Let E be a normed space. A C Ge is \\ ■ \\gj^-bounded if and 
only if it is (t{Ge, L{Ge,'C)) -bounded. 
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Proof. If A is II • II -bounded then it is cr(^B,L(^E,C))-bounded since the 
topology cr(0_E, L(Se, C)) is coarser than the sharp topology on Qe defined by 
II • Wqj^. Assume now that A is cr(t/£;, L(C/£;, C))-bounded. For all v € Ge' C 
L(fe,C) we have that sup^^^ b(^)|e < +00. We can interpret the set A as 
a family of maps in L{Qe',C) such that for all v G Qe' the family {v{u))ueA 
is bounded in C. Since Qe' is complete, by Theorem 3.21 there exists C > 
such that llwllj^^g^^ < C' for all u £ A. By Corollary 3.24 we conclude that 
sup„g^ IIuIIse ^ ^- This means that A is || • Hgj^-bounded. □ 

As a consequence of Proposition 3.26 one may write 

(3.34) a{h{gE, C), gE)^T< l3k{h{gE, C), Ge) = PiHQE, C), Qe) 

where r is the topology of the ultra-pseudo-norm || • Hj^/g^ ^{Se, C). 
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